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Abstract

This technical note analyzes the properties of a random sequence of prolate hyperspheroids with common foci. Each prolate
hyperspheroid in the sequence is defined by a sample drawn randomly from the previous volume such that the sample lies on
the new surface (Fig. 1). Section 1 defines the prolate hyperspheroid coordinate system and the resulting differential volume,
Section 2 calculates the expected value of the new transverse diameter given a uniform distribution over the existing prolate
hyperspheroid, and Section 3 calculates the convergence rate of this sequence. For clarity, the differential volume and some
of the identities used in the integration are verified in Appendix A through a calculation of the volume of a general prolate
hyperspheroid.

1 Prolate Hyperspheroid Coordinate System

Let (z1,22,...,2,) be the Cartesian coordinates of an R™ coordinate system, then we can define a prolate hyperspheroid
coordinate system, (i, v, ¥1,%s, . .., ¥, _2), parameterized on a as
x1 =: acosh pcosv, (D

o =: asinh psin v cos 1,

x3 =: asinh psin v sin ¥ cos s,

Tp—1 =: asinh ysinvsinyy sins .. .sin, _3cosy,_s,

Ty =: asinh gsinvsiny; sinys . . .siny,_3sin Y, _o,
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A Sequence of Randomly Sampled Prolate Hyperspheroids

Figure 1: A series of 4 random prolate hyperspheroids generated by sampling a point from within the volume of the previous
hyperspheroid. The generating sample is plotted in the same shade of grey as the resulting surface.

where the foci of the prolate hyperspheroids occur in Cartesian coorinates at (£a, 0, ..., 0) and the transverse diameter of the
prolate hyperspheroid on which a given point lies, d, is of length

d = dpin cosh p, )

with the minimum transverse diameter, d,,;,, defined as the distance between the foci, d,in = 2a. These coordinates can be
viewed as a 2D elliptical coordinate system, (i, v, rotated by spherical coordinates, ¥1, s, . . . , ¥, —2. The coordinates take the
values p € [0,00), v € [0, 7], ¥1,%2,...,¢¥n_3 € [0,7], and 1,2 € [0, 27), except in the 2D case when v € [0, 27) (Fig. 2).

The basis vectors of this curvilinear coordinate system, e,,,e,,€y,,..., €y, _,, are defined as the partial derivatives of (1)
with respect to the respective prolate hyperspheroid coordinate,

T
— |Oz1 Oz Oxp
e, = [8; 8; o } , etc.,
from which we can calculate the scale factors, by, hy, Ry s ... By, 5, a8
hy = |ley]l, , ete. 3)

The differential unit of volume, dV/, is then

n—2

AV = hydp hydy hy, diy . e, _ydy—s = hyhydpdy T (hy,dvs) . )

i=1
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Elliptical Coordinate System

Figure 2: The 2D elliptical coordinate system for « = 1, note that in the 2D case, i € [0,00) and v € [0,27). Starting
from the line on the positive z; axis and proceeding counterclockwise, the blue lines of constant v correspond to angles of

0,% %”7 e HT” radians respectively. Proceeding outwards, the green lines of constant 4 correspond to values of 0,0.5, ..., 2.

1.1 First Scale Factor

The partial derivatives of (1) with respect to y are

61'1 .
—— = —asinh pcosv,
O
Ox
=2 = acosh psinv cos i,
O
Ox
=3 = qcosh psinvsiny; cos v,
O
Oxp_
%1 =acoshpusinvsiny; ...siny,_3cos,_a,
I
0xy, . . . .
—aﬂ =acoshpusinvsiny; ...siny,_3gsiny,_s.

From (3) the scale factor, h,, is then
hy,=a ( sinh? u cos? v + cosh? I sin? v cos? 1+ cosh? I sin? v sin? 1 cos? Po + ...
. . . . . . . 1/2
+ cosh? N sin? v sin® P1... sin? Vn—3 cos? Yp_o + cosh? " sin? v sin? P1... sin? Yn_3 sin? wn_g) / .

Using the Pythagorean trigonometric identity and the hyperbolic analogue,

sin?b+ cos?b =1 o)

2 ST
cosh®a —sinh“a =1,
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for every instance of cos? (-) and cosh? (-) yields

zq term zo term

hy =a( sinh? w— sinh? psin? v+ sin’ v + sinh? psin? v — sin? vsin? ¢y — sinh? psin? vsin?

z3 term

. . .12 . . . . . .12 . . .
+ sin? vsin? ¢; + sinh? psin® v sin® ¢ — sin® v sin® ¢ sin? ¥y — sinh? psin? v sin® ¢y sin® ¥y + . . .

z,—1 tErm

2

+ sin? v sin? P1... sin® Pn_3+ sinh? I sin? v sin? ... sin® Pn_3

z,_1 t€rm

2

— sin? v sin® vy ... sin? ), sin® Yn—2 — sinh? psin® v sin® ) . ..sin® ¢, _3 sin ¥, _o

z,, term

1
+ sin? v sin? P1... sin® Pn_3 sin? Yp_o + sinh? W sin? v sin® P1... sin® Yn_3 sin® U2 )2,
about which we make the following observations:

— The second term of the z; grouping cancels with the second term of the x2 grouping.

— For the intermediate terms, x2, T3, ... Z,_1, the third and fourth term of each x; grouping cancels out with the first and
second terms of the subsequent x4 grouping.

— The two terms of the final x,, grouping cancel with the third and fourth terms of the x,,_; grouping.

These observations allow us to finally write

Nl=

h,=a (sinh2 o+ sin? V) (6)

1.2 Second Scale Factor

The partial derivatives of (1) with respect to v are

8561 .
—— = —acosh usinv,
ov
Oz .
—— = asinh pcosvcos,
ov
Oz3 . .
——— = asinh pcos vsin ¥y cos s,
ov
O0Tp—_1 . . .
% = asinh gcosvsiny; . ..sinY,_3cos,_a,
v
ox . . . .
8—” = asinh gcosvsiny; ...siny,_3gsiny,_s.
v

From (3) the scale factor, h,,, is then

h, =a ( cosh? psin? v + sinh? pcos? vecos? ¥y + sinh? pcos? vsin? ¥y cos? iy + . ..

[N E

+ sinh? I cos? v sin? Y1 .. .sin? PYn_3 cos? Yn_s + sinh? 7 cos? v sin? P1... sin? Vn_3 sin® wn,g)
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Once again making use of the identities (5) for every instance of cos? (-) and cosh? (-) gives

z, term zo term

h,=a ( sin? v + sinh? pusin” v 4 sinh? p — sinh? g sin® v — sinh? psin® ¢1 + sinh? g sin? v sin® ¥y

zzterm

.12 . .12 . . .12 . . .12 . . .
+ sinh? psin® ¢ — sinh? psin? vsin? ¢, — sinh? psin® ¢y sin? ¥y + sinh? psin? v sin® ¢y sin® ¥y + . ...

z,—1 tErm

2

+ sinh? psin® by .. .sin® b, _g — sinh? psin? vsin? ¢y ... sin? ¢, _3

zn_1 tErm

— sinh? psin? ¢y .. .sin® ¢y, 3 sin® ¢, _o + sinh? psin? vsin? ¢y ... sin? ¥, _3sin ¥, _o

z, term

=

+ sinh? psin® by ... sin® b, _g sin® b, _o — sinh? psin® vsin? ¥y ... sin? ¥, _3 sin® ¢, _o ) ,
about which we make the following observations:

— The second term of the x; grouping cancels with the second term of the x5 grouping.

— For the intermediate terms, x2, T3, ... Z,_1, the third and fourth term of each x; grouping cancels out with the first and
second terms of the subsequent x4 grouping.

— The two terms of the final x,, grouping cancel with the third and fourth terms of the z,,_; grouping.

These observations allow us to finally write

N

h,=a (sinh2 [ 4 sin? 1/) . @)

1.3 Intermediate Scale Factors

Noting that the dependence of the Cartesian coordinates (1) on the intermediate terms, 11, %2, ..., ¥, _3, follow a common
form, we can write a general expression for their derivatives with respect to ¢; as

8931 - 8932 - 81’1 -0
i Oy oy
Ox; . o : :
LA sinh gsinvsin; .. .siny;_1 siny;,
;i
0o e . . - . .
a0, = asinh gsinvsini; ...siny;_1 cosy; cos 41,
1
Oits _ oo ; b s 1
90, = asinh pysinvsiny; ...siny;_1 cos; sin ;11 cos ;1 2,
1
0Ty 1 . . . . . .
90 = asinh gsinvsin; ...siny;_1 cosY; sin ;41 ...sin,_3cos,_o,
i
Oz, : L : : . .
90 =asinh gsinvsiny ...siny;_1 cosy; sint; 11 ...sin,_gsin, _s.
i
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From (3) the scale factor, hy,, is then

hy, = asinh pgsinvsin .. .siny; ( sin? V; + cos? v cos? Vitr1 + cos? P; sin? Vit1 cos? Viva + ...
1

+ cos? 9, sin® Vit1 .- .sin? 9,3 cos? 1, _o + cos 1; sin? Vit1 .- .sin® ,,_5 sin? wn_g) 2.
Returning to the Pythagorean trigonometric identity (5) for every instance of cos? (-) gives

Tit1 term Ti42 term

—N
hy, = asinh psinvsiny .. .siny; ( sin?v; 41 — sin?1); — sin? Vit1 + sin? 1; sin? Vi1
Ti43 term

+ sin2 ¢Z‘+1 — sin2 wz SiIl2 wi-&-l - Sin2 ¢i+1 sin2 ¢i+2 + sin2 1% sin2 ¢i+1 Sin2 ¢i+2 +...

z,_1 term

.2 . 2 .2 . 2 .2
+ 8in” Y41 .. .sin“ P, g — sin” ; sin® ;41 ... sin" Y, _3
z,—1 term

—sin? ;11 ...sin% ¥, _3sin® b, _o + sin® ; sin® iy . .. sin? ¢, _5sin® ¥y, _o

z, term

Nl

.2 .2 .2 S22 .2 .2
+ 8in” 41 ... sin® g sin® ¢, — sin? ¢ sin® iy ... sin? ¢, _gsin® 4,5 )7,
about which we make the following observations:
— The only term of the x; grouping cancels with the second term of the x;4; grouping.

— For the intermediate terms, T;42, T;43, . . . £n—1, the third and fourth term of each x; grouping cancels out with the first
and second terms of the subsequent x ;1 grouping.

— The two terms of the final x,, grouping cancel with the third and fourth terms of the z,,_; grouping.
This leaves unity inside the square root, giving

hy,

i

=gasinhpsinvsiny;...siny;—; 1<i<n-—3. )

1.4 Final Scale Factor

The partial derivatives of (1) with respect to the last prolate hyperspheroid coordinate, v,, o, are

dry 0wy O0Tp_n 0
31/%—2 87vzjn—2 o a1;[)71—2 ’
axn—l . . . . .
= —asinhpusinvsinyy ...... Sin Y, _3 sin Y, _o,
a'L/Jn72
0z, . . . .
= asinhpsinvsing; ...... Sin ¥, _3 cos Y _o.
a¢n—2

From (3) the scale factor, hy,, ,, is then

|—

Ry, _, = asinh ysinvsiniy ...siny,_3 (sin2 Vo + cos? wn_g) ,

|

to which we return one last time to the Pythagorean trigonometric identity (5) to get
Ry, _, = asinh psinvsiny, . ..siny,_s.
Combined with (8), we can now write a single expression for all ¢;:

hy,

i

=asinhpsinvsingy ...siny; 1 1 <i<n—2. ©)]
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1.5 Differential Volume
Substituting (6), (7), and (9) into (4), gives a final expression for the differential volume

dV =a" (sinh2 1+ sin? 1/) sinh” 2 psin™ 2 vsin™ 3 4y sin” % 4by .. .sinth,_s dpdv dipy dipy ... dip_g3 dipn_o
(10)

2 Expectation of the Transverse Diameter

Given common foci, we can calculate the expected diameter of a new prolate hyperspheroid, d; 1, constrained to pass through
a sample drawn from a uniform distribution over the volume, V;, of the current prolate hyperspheroid with transverse diameter,
d;, as

Bldial = [ G0 f ) av

The transverse diameter on which the a sample in prolate hyperspheroid coordinates lies, d (-), is given by (2), dV is the
differential volume in prolate hyperspheroid coordinates (10), and f (-) = Vi is the probability density function, with V; being
the volume of the containing prolate hyperspheroid, '

di (sz B d?nin) anl

‘/:L' = Gn }) 11
¢ o (1)
with (,, as the volume of a unit n-ball. Making these substitutions and rearranging the independent integrals gives
dnJ_rl ' ™
Eldii1] = ﬁ / / cosh (sinh2 1+ sin? 1/) sinh" ™2 psin™ 2 v dy dv
iJo Jo
T ™ ™ 2m
st wndvn, [ st vadia . [ sindsdina [ v,
0 0 0 0
(n_l)Cn—l
where we have recognized that in spherical coordinates, the volume of a general n-ball is given by [1]
T ™ ™ T 2w
Vicwar= [ o Var st 2ovdor [ sin S ondos.. [ singnadéns [ donoa (12)
0 0 0 0 0

This leaves us with the more manageable equation

-1 dn+1 e w ™ w ™
E[di1] = (n = 1) dyin G (/ cosh psinh” d,u/ sin"2vdy + / cosh psinh™ 2 du/ sin” v du) ,
0 0 0 0

27V
13)

that we can integrate with the help of beta functions.

Integrals of the product of sin (#) and cos (6) over the interval [0, ] can be expressed in terms of the beta function [3],
B(-,-),as

/ sin®™ "' @ cos®" 10 dh = B (m, n), (14)
0
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making (13)

(n-1) dﬁﬁnlCn—l n—1 1 " s 1n ntl 1 " s =2
Eldit1] = oy B (77 5) cosh psinh™ pdy + B (T’ 5) cosh usinh" ™ pudup | . (15)
7 0 0

Making use of the relation between the beta function and gamma function [3], T" (-),

['(m)T (n)

B(m,n) = T (m 1 n)

and a common identity of the gamma function [3],
I'(n+1)=nl(n),

we can write B (m + 1, n) in terms of B (m,n) as

_I'(m+1)T'(n)  mI'(m)I'(n) = m
B(m+1,n)= F'm+n+1)  (m+n)T(m+n) _ernB(m’n)7 (16)

further simplifying (15) to

1) d"ti¢, B (2L, L u 1
Eldiy1] = (n = 1) dia Gt B (%57, 3) / coshusinh”,udquL/ cosh psinh™ 2 pudp | . 17)
0 nJo

2nV;
The volume of a unit n-ball can be expressed in terms of the gamma function [2],

LT
TL_]-—‘(%+1)7

or as a recursive function of the volume of a (n — 1)-ball,

I (=T (3
Mgnfl =B ("T—H7 %) Cn—1,

"= (g

which we can use to further rearrange using (16) to

-1
(o = ”n B (%2, 1) s (18)

Substituting (18) into (17) gives

dn—_}—l " w ) -1 u
Eldi1] = % ( /O cosh pusinh™ p dy + = . /0 cosh g sinh™ 2 ud,u) ,

into which we can finally substitute (11) for the volume of a prolate hyperspheroid to give

nd™ 1 W n—1 "
Eldit1] = mn / cosh psinh™ pdy + —— / cosh pesinh™ 2 pudp | . 19)
d; (&2 — &2 0 nJo

)2
min

Given the indefinite integral [3],

sinh" !z

/coshxsinh" rdr =
n—+1

)
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(19) becomes
nd™ ! sinh™ ™ p/ n—1sinh™ !/
Eldiy1] = ( £+ & ) . (20)
di(d?—d2,) 7 \ "l noon-ld
Where 1/ is given by (2) in terms of the current transverse diameter, d; as,
d:
hy = —— 21
oS dmin ’ ( )
or if we use the identity cosha = b <= sinha = V% — 1 [3],
: / 1 2 2
sinh p' = T d: —d2.. 22)

Using (22) to rearrange the remaining terms of (20) gives the final expression for the expected transverse diameter, F [d; 1], of
a prolate hyperspheroid defined to pass through a sample taken from a uniform distribution over an earlier prolate hyperspheroid
of transverse diameter d; with common foci as

2 2
ndl + dnlin (23)

Eldin] = (n+1)d;

3 Convergence of the Expectation of the Transverse Diameter

The new transverse diameter, d;; is bounded from above by the current transverse diameter, d;,
dit1 < dy,

with the diameter remaining unchanged only when the sample lies on the surface of the existing prolate hyperspheroid. As the
set of such states has measure 0, the probability of sampling a point on the surface from a uniform distribution over the volume
is 0 and as such the probability that the diameter does not decrease is also 0,

P [di-i-l = dl] =0.
This allows us to state that the transverse diameter of the prolate hyperspheroids almost surely converges to dpin,

P {lim d; = dmm} — 1.

1—00
We can then calculate the rate of the convergence, 7, from (23) as,

_ OE [diy)]
n ad;

)

d;=dmin

where we identified d,ni, as a stationary point by inspection, i.e., F [dmin] = dmin- Evaluating the derivative gives

n—1

n-t 24
n+1’ (24)

77:

whichasVn > 2, 0< ZH < 1, n is always linear in convergence.
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A Volume Integration Check

As an exercise, we should be able to recover (11) from (10) through integration,

. ' T T T T 27
V= / dv = / / / / e / / a” (sinh2 1 + sin? v) sinh" ™2 psin" 2 v
v o Jo Jo Jo o Jo

sin® "2 aby sin® "t aby ... sin g dpdy diy dips ... dipy_g diby_o.

Rearranging the independent integrals gives

W
V= / dV =a" / / (sinh2 i+ sin? V) sinh™ 2 psin™ 2 v du dv
% o Jo
2m

/ sin™ % ¢y dwl,/ sin” ™! 1y CWQ---/ sin ¥y, —3di, 3 dpp 2,
0

0 0 0

(n=1)Cn—1

where can be simplified by the definition of the unit n-ball volume (12) and the beta function (14, 16) to

’

V= (n — ]-) anCnle (71/;17 %) (/OM

sn n—1 W sn—2
sinh” pdy + —— sinh" ™" pdy | .
noJo
Next, using the indefinite integral

inhn—1 h -1
/Sinhnxdz _ o TCOSAT I /sinhn_Q:rdx,

n n

we get

inh™ 1,/ h ' 1 w 1 uw
V= (n _ 1) anCnle (n;l’ %) (sm pcoshp m / Sinhn_Qud/L + L/ SiIlhn_Q/J,dM> ’
0 noJo

n n

which is simply

n—1

V =

a"Cn1B (%52, 1) sinh™ '/ cosh .
Recognizing the appropriate terms from the recursive definition of the unit n-ball (18) allows us to write
V = a"¢, sinh™ ™t 1t/ cosh i/

which can be evaluated using (21), (22), and the fact that d,,;;, = 2a to finally give

d(d—d2,) 7
2n ’

V= (25)

which is exactly (11).

10
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