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Why linear-Gaussian?

– most of the classical results are for linear-
Gaussian systems

– we can often find results without approximation

– we can get some intuition for real systems by
studying them

“Equation (1.2-9) is a second order, nonlinear, vector,
differential equation which has defied solution in its
present form. It is here therefore we depart from the
realities of nature to make some simplifying
assumptions...”

– Bate et al., Fundamentals of Astrodynamics (1971)

“Linear systems are very important because we can solve
them exactly!”

– Sami Mikhail (heard third hand via Raja Mukherji)
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What are the odds? (probability in one slide)

probability density function (PDF) p(x)

Thrun et al. (2006)

conditional PDF (sensor model) p(y|x)

Bayes’ rule (inference) p(x|y) = p(y|x)p(x)
p(y)

Gaussian PDF p(x) = N (µ,Σ) = 1√
det(2πΣ)
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Gaussian marginalization p(x) =
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System

– we define our system using the following linear, time-varying
models:

motion model: xk = Ak−1xk−1 + vk + wk, k = 1 . . .K (1a)

observation model: yk = Ckxk + nk, k = 0 . . .K (1b)

where k is the discrete-time index and K its maximum

– the variables have the following meanings:

system state : xk ∈ RN

initial state : x0 ∈ RN ∼ N
(
x̌0, P̌0

)

input : vk ∈ RN

process noise : wk ∈ RN ∼ N (0,Qk)

measurement : yk ∈ RM

measurement noise : nk ∈ RM ∼ N (0,Rk)
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System example

0

p̈(t) = a(t) + w(t)

ṗ(t) = v(t)

v̇(t) = a(t) + w(t)d

p

dk = pk + nk

dk|{z}
yk

=
⇥
1 0

⇤
| {z }

Ck


pk

vk

�

|{z}
xk

+ nk|{z}
nk

observation model motion model
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What do we know?

– although we want to know the state of the system (at all times),
we only have access to the following quantities, and must base our
estimate, x̂k, on just this information:

(i) the initial state knowledge, x̌0, and the associated covariance
matrix, P̌0; sometimes we do not have this piece of information and
must do without

(ii) the inputs, vk, which typically come from the output of our
controller and so are known; we also have the associated process
noise covariance, Qk

(iii) the measurements, yk,meas, which are realizations of the associated
random variables, yk, and the associated covariance matrix, Rk

– we will use (̂·) to indicate posterior estimates (incorporating
measurements) and (̌·) to indicate prior estimates (not
incorporating measurements)
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Problem statement

– we define the state estimation problem as follows:

Definition

The problem of state estimation is to come up with an estimate,
x̂k, of the true state of a system, at one or more timesteps, k,
given knowledge of the initial state, x̌0, a sequence of
measurements, y0:K,meas, a sequence of inputs, v1:K , as well as
knowledge of the system’s motion and observation models.

– our approach will always be to attempt to come up with not only a
state estimate, but also to quantify the uncertainty in that
estimate
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Batch is best

– we will begin by investigating batch linear-Gaussian techniques
(sometimes called smoothers)

– the batch solution is very useful for computing state estimates
after the fact because it uses all the measurements in the
estimation of all the states at once (hence the usage of ‘batch’)

– a batch method cannot be used online since we cannot employ
future measurements to estimate past states

– recursive state estimators (called filters) can be used online

x̌0,y0,v1,y1,v2,y2, . . . ,vk�1,yk�1,vk,yk,vk+1,yk+1, . . . ,vK ,yK

x̂k,f

smoothers use all available information to estimate states

filters only use past/current information to estimate states

x̂k
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All roads lead to Rome

– we will set up the batch linear-Gaussian estimation problem using
two different paradigms:

(i) Bayesian inference; here we update a prior density over states
(based on the initial state knowledge, inputs, and motion model)
with our measurements, to produce a posterior (Gaussian) density
over states

(ii) maximum a posteriori; here we employ optimization to find the
most likely posterior state given the information we have (initial
state knowledge, measurements, inputs)

– while these approaches are somewhat different in nature, it turns
out that we arrive at the exact same answer for the linear-Gaussian
problem

– this is because the full Bayesian posterior is exactly Gaussian and
so the optimization approach will find the maximum (i.e., mode)
of a Gaussian, and this is the same as the mean
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A marriage of convenience

– we will combine the initial state knowledge and inputs in the
following way:

v = (x̌0,v1:K) = (x̌0,v1, . . . ,vK) (2)

since they are both related to our prior knowledge of the state

– we will also define

y = y0:K = (y0, . . . ,yK) (3)

to denote all of our measurements and

x = x0:K = (x0, . . . ,xK) (4)

for our entire state (all timesteps)
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Approach (i): Bayesian inference

– we would like to compute the full Bayesian posterior:

p(x|y,v) =
p(y|x,v)p(x|v)

p(y|v)
(5)

– we will take the two-step approach of building a joint density over
states, inputs, measurements,

p(x,y|v) = p(y|x,v)︸ ︷︷ ︸
observations

p(x|v)︸ ︷︷ ︸
prior

(6)

and then factor it the other way, keeping only the bit we want:

p(x,y|v) = p(x|y,v)︸ ︷︷ ︸
posterior

p(y|v)︸ ︷︷ ︸
discard

(7)
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Prior

– recall our motion model,

xk = Ak−1xk−1 + vk + wk (8)

– in lifted matrix form (i.e., whole trajectory), we can write this as

x = A(v + w) (9)

where w is the lifted form of the initial state and process noise,
and

A =



1
A0 1

A1A0 A1 1
...

...
...

. . .

AK−2 · · ·A0 AK−2 · · ·A1 AK−2 · · ·A2 · · · 1
AK−1 · · ·A0 AK−1 · · ·A1 AK−1 · · ·A2 · · · AK−1 1


(10)

is the lifted transition matrix, which we see is lower-triangular
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Prior

– the lifted mean is then

x̌ = E[x] = E[A(v + w)] = Av (11)

– the lifted covariance is

P̌ = E
[
(x− E[x])(x− E[x])T

]
= AQAT

(12)

where Q = E[wwT ] = diag(P̌0,Q1, . . . ,QK)

– our prior can then be neatly expressed as

p(x|v) = N
(
x̌, P̌

)
= N

(
Av,AQAT

)
(13)

16 / 166



Measurements

– we now want to compute p(x,y|v) = p(y|x,v)p(x|v)

– we will use the measurement model

yk = Ckxk + nk (14)

– this can also be written in lifted form as

y = Cx + n (15)

where n is the lifted form of the measurement noise and

C = diag (C0,C1, . . . ,CK) (16)

is the lifted observation matrix
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Joint Gaussian

– the joint likelihood of the prior lifted state and the measurements
can now be written as

p(x,y|v) = N
([

x̌
Cx̌

]
,

[
P̌ P̌CT

CP̌ CP̌CT + R

])
(17)

where R = E[nnT ] = diag(R0,R1, . . . ,RK)

– we can factor this according to

p(x,y|v) = p(x|y,v)p(y|v) (18)

– we only care about the first factor, which is the full Bayesian
posterior
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Posterior

– this can be written, using the Gaussian conditioning formula, as

p(x|v,y) = N
(
x̌ + P̌CT (CP̌CT + R)−1(y −Cx̌),

P̌− P̌CT (CP̌CT + R)−1CP̌
)

(19)

– using the Sherman-Morrison-Woodbury identity, this can be
manipulated into the following form:

p(x|v,y) = N
((

P̌−1 + CTR−1C
)−1 (

P̌−1x̌ + CTR−1y
)

︸ ︷︷ ︸
x̂, mean

,

(
P̌−1 + CTR−1C

)−1
︸ ︷︷ ︸

P̂, covariance

)
(20)

– we could use this as is, but there is a better way
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Posterior
– we can rearrange the mean expression to arrive at

(
P̌−1 + CTR−1C

)
︸ ︷︷ ︸

P̂−1

x̂ = P̌−1x̌ + CTR−1y (21)

and we see the inverse covariance appearing on the left-hand side

– substituting in x̌ = Av and P̌−1 =
(
AQAT

)−1
= A−TQ−1A−1

we can rewrite this as

(
A−TQ−1A−1 + CTR−1C

)
︸ ︷︷ ︸

P̂−1

x̂ = A−TQ−1v + CTR−1y (22)

– or more compactly,(
HTW−1H

)
x̂ = HTW−1z (23)

z =

[
v
y

]
, H =

[
A−1

C

]
, W =

[
Q

R

]
(24)
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Approach (ii): maximum a posteriori (MAP)

– instead of computing the full Bayesian posterior, what if we just
tried to find the most likely state of our system given the initial
state knowledge, inputs, and measurements?

– to accomplish this, we could try to solve the following optimization
problem:

x̂ = arg max
x

p(x|y,v) (25)

which is to say that we want to find the best single estimate for
the state of the system (at all timesteps), x̂, given the prior
information, v, and measurements, y
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MAP

– we begin by rewriting the MAP estimate using Bayes’ rule:

x̂ = arg max
x

p(x|y,v) = arg max
x

p(y|x,v)p(x|v)

p(y|v)

= arg max
x

p(y|x)p(x|v) (26)

where we drop the denominator because it does not depend on x

– we also drop v in p(y|x,v) since it does not affect y in our
system if x is known (see observation model)
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MAP

– if we assume that all of the noise variables, wk and nk for
k = 0 . . .K, are uncorrelated, we can use Bayes’ rule to factor
p(y|x) in the following way:

p(y|x) =

K∏

k=0

p(yk |xk) (27)

– furthermore, Bayes’ rule allows us to factor p(x|v) as

p(x|v) = p(x0 | x̌0)

K∏

k=1

p(xk |xk−1,vk) (28)
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Negative log likelihood

– to make the optimization easier, we insert the (negative) logarithm
function, which is monotonically decreasing

x̂ = arg min
x

(− ln(p(y|x)p(x |v)))

= arg min
x

(
− ln p(x0 | x̌0)−

K∑

k=1

ln p(xk |xk−1,vk)

−
K∑

k=0

ln p(yk |xk)
)

(29)

– note, we are now minimizing due to the negative sign, which is
more common in optimization
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MAP

– the component Gaussian densities are given by

p(x0|x̌0) =
1√

(2π)N det P̌0

exp

(
−

1

2
(x0 − x̌0)T P̌−1

0 (x0 − x̌0)

)
(30a)

p(xk|xk−1,vk) =
1√

(2π)N det Qk

exp

(
−

1

2
(xk −Ak−1xk−1 − vk)T

×Q−1
k (xk −Ak−1xk−1 − vk)

)
(30b)

p(yk|xk) =
1√

(2π)M det Rk

exp

(
−

1

2
(yk −Ckxk)T R−1

k (yk −Ckxk)

)
(30c)
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MAP

– the component negative-log densities are given by

− ln p(x0|x̌0) =
1

2
(x0 − x̌0)T P̌−1

0 (x0 − x̌0) +
1

2
ln
(

(2π)N det P̌0

)
︸ ︷︷ ︸

independent of x

(31a)

− ln p(xk|xk−1,vk) =
1

2
(xk −Ak−1xk−1 − vk)T Q−1

k (xk −Ak−1xk−1 − vk)

+
1

2
ln
(

(2π)N det Qk

)
︸ ︷︷ ︸

independent of x

(31b)

− ln p(yk|xk) =
1

2
(yk −Ckxk)T R−1

k (yk −Ckxk) +
1

2
ln
(

(2π)M det Rk

)
︸ ︷︷ ︸

independent of x

(31c)
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MAP as optimization

– from an optimization perspective, we want to solve the following
problem:

x̂ = arg min
x
J(x) (32)

– our cost function is

J(x) =

K∑

k=0

(Jv,k(x) + Jy,k(x)) (33)

with

Jv,k(x) =





1
2 (x0 − x̌0)

T
P̌−10 (x0 − x̌0) k = 0

1
2 (xk −Ak−1xk−1 − vk)

T

×Q−1k (xk −Ak−1xk−1 − vk) k = 1 . . .K

(34a)

Jy,k(x) =
1

2
(yk −Ckxk)

T
R−1k (yk −Ckxk) k = 0 . . .K (34b)
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MAP as a factor graph
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<latexit sha1_base64="vFpbYZ1KNEkMrGIZ82yy63I1mWQ="></latexit>

Jy,k(x)
<latexit sha1_base64="5Dm+HJnnXzh5Wf2BSFhd+ijKdwM="></latexit>

Jv,k(x)
<latexit sha1_base64="OlgyAu7Aw8NHEB7kHK3lPfy0Uwo=">AAACAHicbVDLSsNAFL3xWeOr6tJNsAiCUhLxuSu4cdmCfUAbymRy0w6dTMLMRCihG7du9R/ciVv/xF/wK0zSImo9MHA45x7unePFnClt2x/GwuLS8spqac1c39jc2i7v7LZUlEiKTRrxSHY8opAzgU3NNMdOLJGEHse2N7rJ/fY9SsUicafHMbohGQgWMEp0JjWO++WKXbULWPPEmZFKrQQF6v3yZ8+PaBKi0JQTpbqOHWs3JVIzynFi9hKFMaEjMsBuRgUJUblpcejEOswU3woimT2hrUL9mUhJqNQ49LLJkOih+uvl4n9eN9HBlZsyEScaBZ0uChJu6cjKf235TCLVfJwRQiXLbrXokEhCddaN2SuCqYh00Up/iMRHOTGLcq5znH9XMU9ap1Xnouo0ziq1k2lLUIJ9OIAjcOASanALdWgCBYRHeIJn48F4MV6Nt+nogjHL7MEvGO9fApmXag==</latexit>

+

<latexit sha1_base64="FJgPjz/25my9k7c7EQ1hBDTNFfo="></latexit>

motion prior
<latexit sha1_base64="fzoayuGrouykiKIf7tHE0Y19Ypo="></latexit>

measurements
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MAP as optimization

– we can express our cost function more compactly as

J(x) =
1

2
(z−Hx)T W−1 (z−Hx) (35)

recalling our definitions from the full Bayesian approach:

z =

[
v
y

]
, H =

[
A−1

C

]
, W =

[
Q

R

]
(36)

– we see that J(x) is exactly quadratic in x
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MAP as optimization

– since J(x) is exactly a paraboloid, we can find its minimum in
closed form

– simply set the partial derivative with respect to the design variable,
x, to zero:

∂J(x)

∂xT

∣∣∣∣
x̂

= −HTW−1 (z−Hx̂) = 0 (37a)

– rearranging we have

(
HTW−1H

)
x̂ = HTW−1z (37b)

which is the identical linear system we arrived at in the full
Bayesian approach
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What gives?

– why do the full Bayesian and MAP approaches result in the same
linear system if they are trying to do different things?

(
HTW−1H

)
x̂ = HTW−1z (38)

– the explanation lies in the fact that the full Bayesian posterior is
exactly Gaussian and the mean and mode (i.e., maximum) of a
Gaussian are one and the same

– for nonlinear systems, these two approaches will diverge, because
the posterior will not be exactly Gaussian
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Sparsity

– both our approaches, full Bayesian and MAP, require us to
compute A−1

– it turns out this has a beautifully simple form:

A−1 =




1
−A0 1

−A1 1

−A2
. . .
. . . 1

−AK−1 1




(39)

– the sparsity comes from the fact that the system model obeys the
Markov property
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Sparsity

– when we plug A−1 into the linear system (via H)

(
HTW−1H

)
x̂ = HTW−1z (40)

the left-hand side looks like this:

HTW−1H =




∗ ∗
∗ ∗ ∗
∗ ∗ ∗

. . .
. . .

. . .

∗ ∗ ∗
∗ ∗




(41)

where ∗ indicates a non-zero block

– the fact that the LHS is exactly block-tridiagonal means we can
solve for x̂ in O(K) time instead of the usual O(K3) time for
solving linear systems
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Sparsity

– it turns out we can efficiently factor HTW−1H using a sparse
Cholesky factorization into

HTW−1H = LLT (42)

where L is a block-lower-triangular matrix called the Cholesky
factor:

L =




L0

L10 L1

L21 L2

. . .
. . .

LK−1,K−2 LK−1
LK,K−1 LK




(43)

– the decomposition can be computed in O(N3(K + 1)) time
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Cholesky solution

– once we have the Cholesky factorization, the solution of our linear
system is straightforward

– forward pass: solve
Ld = HTW−1z (44)

for d

– backward pass: solve
LT x̂ = d (45)

for x̂

– both passes can be done in O(N3(K + 1)) time through
forward/backward substitution owing to the sparse lower-triangular
form of L

– thus, the batch equations can be solved in computation time that
scales linearly with the size of the state
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Cholesky solution
– at the block level, the forward pass, k = 1 . . .K, is

Lk−1L
T
k−1 = Ik−1 + AT

k−1Q
−1
k Ak−1 (46a)

Lk−1dk−1 = qk−1 −AT
k−1Q

−1
k vk (46b)

Lk,k−1L
T
k−1 = −Q−1k Ak−1 (46c)

Ik = −Lk,k−1L
T
k,k−1 + Q−1k + CT

k R−1k Ck (46d)

qk = −Lk,k−1dk−1 + Q−1k vk + CT
k R−1k yk (46e)

– the backward pass, k = K . . . 1, is

LT
k−1x̂k−1 = −LT

k,k−1x̂k + dk−1 (47)

– these are initialized with

I0 = P̌−10 + CT
0 R−10 C0 (48a)

q0 = P̌−10 x̌0 + CT
0 R−10 y0 (48b)

x̂K = L−TK dK (48c)
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Cholesky solution 7→ Rauch-Tung-Striebel smoother

– our Cholesky approach will certainly work, and is appealing
because it follows easily from the batch setup and the
block-tridiagonal sparsity of the LHS

– historically, however, the Rauch-Tung-Striebel (RTS) smoother
equations constitute the canonical form

– the forwards pass of the RTS smoother is called the Kalman filter

– the Cholesky and RTS equations are algebraically equivalent, but
there is quite a lot of algebra needed to show this (see the book)
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RTS smoother
– forward pass (a.k.a., Kalman filter), k = 1 . . .K:

P̌k,f = Ak−1P̂k−1,fAT
k−1 + Qk (49a)

x̌k,f = Ak−1x̂k−1,f + vk (49b)

Kk = P̌k,fCT
k

(
CkP̌k,fCT

k + Rk

)−1
(49c)

P̂k,f = (1−KkCk) P̌k,f (49d)

x̂k,f = x̌k,f + Kk (yk −Ckx̌k,f ) (49e)

– backward pass, k = K . . . 1:

x̂k−1 = x̂k−1,f +
(
P̂k−1,fAT

k−1P̌
−1
k,f

)
(x̂k − x̌k,f ) (50a)

P̂k−1 = P̂k−1,f +
(
P̂k−1,fAT

k−1P̌
−1
k,f

)(
P̂k − P̌k,f

)

×
(
P̂k−1,fAT

k−1P̌
−1
k,f

)T
(50b)

– these are initialized with

P̂0,f = (1−K0C0)P̌0, x̂0,f = x̌0 + K0(y0 −C0x̌0) (51a)

P̂K = P̂K,f , x̂K = x̂K,f (51b)

38 / 166



Take-home message

The full Bayesian and MAP approaches result in the same system
of linear equations because the Bayesian posterior is exactly
Gaussian and the mean and mode (i.e., maximum) of a Gaussian
are one and the same.

(
HTW−1H

)
x̂ = HTW−1z (52)

Either the Cholesky or RTS smoother equations can be used to
solve this system of equations exactly and efficiently. These are
also equivalent to Gaussian belief propagation.
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Take-home message
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x0
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x1
<latexit sha1_base64="zbSbe0NxlHQxbeEvgkP8C6c59Y8=">AAACCHicbVDLSsNAFL2pr1pfVZdugkVwISUpPncFNy4r2Ie0pUymN+3QmUmYmYgl5AfcutV/cCdu/Qt/wa8wTYuo9cDA4Zx7uHeOF3KmjeN8WLmFxaXllfxqYW19Y3OruL3T0EGkKNZpwAPV8ohGziTWDTMcW6FCIjyOTW90OfGbd6g0C+SNGYfYFWQgmc8oMal02xGeH98nvUqvWHLKTgZ7nrgzUqrmIUOtV/zs9AMaCZSGcqJ123VC042JMoxyTAqdSGNI6IgMsJ1SSQTqbpwdnNgHqdK3/UClTxo7U38mYiK0HgsvnRTEDPVfbyL+57Uj4593YybDyKCk00V+xG0T2JPf232mkBo+TgmhiqW32nRIFKEm7ajQyYKxDEzWTm+IpI8qKWTlXExw8l3FPGlUyu5p2b0+LlWPpi1BHvZgHw7BhTOowhXUoA4UBDzCEzxbD9aL9Wq9TUdz1iyzC79gvX8Bs6GbIQ==</latexit>

x2
<latexit sha1_base64="6Qdm7IphlnaGt52gTTZ13fQmJEI=">AAACCHicbVDLSsNAFL2pr1pfVZdugkVwISURn7uCG8FNBfuQtpTJ9KYdOjMJMxOxhPyAW7f6D+7ErX/hL/gVpmkRtR4YOJxzD/fO8ULOtHGcDys3N7+wuJRfLqysrq1vFDe36jqIFMUaDXigmh7RyJnEmmGGYzNUSITHseENL8Z+4w6VZoG8MaMQO4L0JfMZJSaVbtvC8+P7pHvVLZacspPBniXulJQqechQ7RY/272ARgKloZxo3XKd0HRiogyjHJNCO9IYEjokfWylVBKBuhNnByf2Xqr0bD9Q6ZPGztSfiZgIrUfCSycFMQP91xuL/3mtyPhnnZjJMDIo6WSRH3HbBPb493aPKaSGj1JCqGLprTYdEEWoSTsqtLNgLAOTtdMdIOmhSgpZOedjHH9XMUvqh2X3pOxeH5UqB5OWIA87sAv74MIpVOASqlADCgIe4QmerQfrxXq13iajOWua2YZfsN6/ANvdmzo=</latexit>

xK
<latexit sha1_base64="Opd76SGoZvPhNlA+axtZTLtFA5I=">AAACDHicbZDLSsNAFIZPvNZ6q7p0EyyCCy2JeN0V3AhuKtgLtKFMpift0MkkzkzEEvIKbt3qO7gTt76Dr+BTmKRF1PrDwM//n8McPjfkTGnL+jBmZufmFxYLS8XlldW19dLGZkMFkaRYpwEPZMslCjkTWNdMc2yFEonvcmy6w4usb96hVCwQN3oUouOTvmAeo0SnkdPxXS++T7rx1YGddEtlq2LlMqeNPTHlagFy1bqlz04voJGPQlNOlGrbVqidmEjNKMek2IkUhoQOSR/bqRXER+XE+dGJuZsmPdMLZPqENvP050ZMfKVGvptO+kQP1N8uC//r2pH2zpyYiTDSKOj4Iy/ipg7MjIDZYxKp5qPUECpZeqtJB0QSqlNOxU6+GItA54S6AyQ9lEkxh3Oe6fgbxbRpHFbsk4p9fVSu7o8pQQG2YQf2wIZTqMIl1KAOFG7hEZ7g2XgwXoxX4208OmNMdrbgl4z3L6eGnLg=</latexit>

xK�1

<latexit sha1_base64="F/X1QYlCalsEn8XYK6H8HRTUoWw="></latexit>

Jy,0(x)
<latexit sha1_base64="b+UvTXyPOx4NXPps/xdxRt5MogU="></latexit>

Jy,1(x)
<latexit sha1_base64="TClqak4wkatinO9a9l6YUA17eek="></latexit>

Jy,2(x)
<latexit sha1_base64="Uxjp5t8YnweNEQHMkQmw5OdMcys="></latexit>

Jy,K�1(x)
<latexit sha1_base64="02DseZNItuZI5wJlUAO7yBcTgW0="></latexit>

Jy,K(x)

<latexit sha1_base64="Anc4LnRyPCduAHchUlsNn0azx+U="></latexit>

Jv,0(x)
<latexit sha1_base64="ARf682IizttzSue36+Ocx2Q67Gc="></latexit>

Jv,1(x)
<latexit sha1_base64="bL/0hXMDyKMfdNh4MlQrDTTR9yI="></latexit>

Jv,2(x)
<latexit sha1_base64="xuou9tux5LZI7cB5yt2dY+5dSOM="></latexit>

Jv,K(x)

<latexit sha1_base64="DdBiAy+6RjOYWI0uSndz/k25JtE="></latexit>

x̂ = arg min
x

J(x) = arg min
x

KX

k=0

⇣ <latexit sha1_base64="tMor9DSommEfNZLF1CFgvtRhNGs=">AAACBXicbVDLSsNAFL2prxpfVZdugkVQkJKIz13RjcsK9gFtKZPpbTt2MgkzE6GErt261X9wJ279Dn/Br3CSFlHrgYHDOfdw7xw/4kxp1/2wcnPzC4tL+WV7ZXVtfaOwuVVTYSwpVmnIQ9nwiULOBFY10xwbkUQS+Bzr/vAq9ev3KBULxa0eRdgOSF+wHqNEG6nWumR9edApFN2Sm8GZJd6UFMt5yFDpFD5b3ZDGAQpNOVGq6bmRbidEakY5ju1WrDAidEj62DRUkABVO8muHTt7Ruk6vVCaJ7STqT8TCQmUGgW+mQyIHqi/Xir+5zVj3TtvJ0xEsUZBJ4t6MXd06KRfd7pMItV8ZAihkplbHTogklBtCrJbWTARoc6q6QyQdFGO7aycixQn31XMktpRyTsteTfHxfLhpCXIww7swj54cAZluIYKVIHCHTzCEzxbD9aL9Wq9TUZz1jSzDb9gvX8Bwl2Zeg==</latexit> ⌘
<latexit sha1_base64="vFpbYZ1KNEkMrGIZ82yy63I1mWQ="></latexit>

Jy,k(x)
<latexit sha1_base64="5Dm+HJnnXzh5Wf2BSFhd+ijKdwM="></latexit>

Jv,k(x)
<latexit sha1_base64="OlgyAu7Aw8NHEB7kHK3lPfy0Uwo=">AAACAHicbVDLSsNAFL3xWeOr6tJNsAiCUhLxuSu4cdmCfUAbymRy0w6dTMLMRCihG7du9R/ciVv/xF/wK0zSImo9MHA45x7unePFnClt2x/GwuLS8spqac1c39jc2i7v7LZUlEiKTRrxSHY8opAzgU3NNMdOLJGEHse2N7rJ/fY9SsUicafHMbohGQgWMEp0JjWO++WKXbULWPPEmZFKrQQF6v3yZ8+PaBKi0JQTpbqOHWs3JVIzynFi9hKFMaEjMsBuRgUJUblpcejEOswU3woimT2hrUL9mUhJqNQ49LLJkOih+uvl4n9eN9HBlZsyEScaBZ0uChJu6cjKf235TCLVfJwRQiXLbrXokEhCddaN2SuCqYh00Up/iMRHOTGLcq5znH9XMU9ap1Xnouo0ziq1k2lLUIJ9OIAjcOASanALdWgCBYRHeIJn48F4MV6Nt+nogjHL7MEvGO9fApmXag==</latexit>

+

<latexit sha1_base64="FJgPjz/25my9k7c7EQ1hBDTNFfo="></latexit>

motion prior
<latexit sha1_base64="fzoayuGrouykiKIf7tHE0Y19Ypo="></latexit>

measurements

<latexit sha1_base64="MxPxdpuYpsY9Hf+KwZ/Ub+9N3FA="></latexit> �
A�T Q�1A�1 + CT R�1C

�
| {z }

P̂�1

x̂ = A�T Q�1v + CT R�1y

<latexit sha1_base64="7n8vJ7ZqW1nM5lkbzvZ4O4vfZlU="></latexit>

block-tridiagonal

40 / 166



Existence and uniqueness

– how do we know there will be a solution to our batch equations?

(
HTW−1H

)
x̂ = HTW−1z (53)

– in general, linear systems have 0, 1, or infinitely many solutions

– for a unique solution the LHS might be invertible or equivalently

rank
(
HTW−1H

)
= N(K + 1) (54)

because we have dim x = N(K + 1)

– we can drop W−1 as long as it’s invertible – it is, it’s positive
definite by assumption – the test becomes

rank
(
HT
)

= N(K + 1) (55)
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Case (i): we have knowledge of the initial state

– we see that

rank HT

= rank




1 −AT
0 CT

0

1 −AT
1 CT

1

1
. . . CT

2

. . . −AT
K−1

. . .

1 CT
K




(56)

– is exactly in block-row-echelon form, meaning there are N(K + 1)
‘leading ones’

– this means all the rows are linearly independent so the matrix is
full rank and our solution is unique

– intuitively, the prior already provides a complete solution and the
measurements nudge it
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Case (ii): no knowledge of the initial state

– it might be that we have no idea about the initial state of the
system

– this removes the first column in HT and our condition becomes

rank HT

= rank




−AT
0 CT

0

1 −AT
1 CT

1

1
. . . CT

2

. . . −AT
K−1

. . .

1 CT
K




(57)

– it’s no longer obvious that the solution is unique
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Case (ii): no knowledge of the initial state

– moving the top block-row to the bottom does not change the rank

rank HT

= rank




1 −AT
1 CT

1

1
. . . CT

2

. . . −AT
K−1

. . .

1 CT
K

−AT
0 CT

0




(58)

– again without changing the rank, we can add to the bottom
block-row, AT

0 times the first block-row, AT
0 AT

1 times the second
block-row, . . . , and AT

0 · · ·AT
K−1 times the Kth block-row
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Case (ii): no knowledge of the initial state

– the result of this last step is

rank HT

= rank




1 −AT
1 CT

1

1
. . . CT

1

. . . −AT
K−1

. . .

1 CT
K

CT
0 AT

0 CT
1 AT

0 AT
1 CT

2 · · · AT
0 · · ·AT

K−1C
T
K




(59)

– the upper-left block is full rank, NK, since every row has a
‘leading one’

– all that remains is to determine if the bottom-right block is full
rank:

rank
[
CT

0 AT
0 CT

1 AT
0 AT

1 CT
2 · · · AT

0 · · ·AT
K−1C

T
K

]
= N

(60)
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Case (ii): no knowledge of the initial state – time-invariant

– if we further assume the system is time-invariant such that for all k
we have Ak = A and Ck = C and we make the not-too-restrictive
assumption that K � N , we may further simplify this condition

– the Cayley-Hamilton theoreom says square matrices satisfy their
own characteristic equation, so powers of A greater than or equal
to N can be written as linear combinations of the lower powers

– this let’s us keep only the first N block-rows, reducing the test to

rank




C
CA

...

CA(N−1)


 = N (61)

– this is precisely the test for observability – that we can reconstruct
the initial state from a finite number of measurements
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Mass-spring analogy

x̂3x̂2x̂1x̂0

x̂3x̂2x̂1x̂0

Jy,1

Jv,1 Jv,2 Jv,3

Jy,3

Jv,1 Jv,2 Jv,3

no initial state
knowledge can
be observable

no initial state 
knowledge 
can also be 

unobservable
(in 1D this only 
happens with no 
measurements)

x̂3x̂2x̂1x̂0

Jy,1

Jv,1 Jv,2 Jv,3Jv,0

Jy,3

initial state
knowledge plus
inputs ensures 
observability
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Knowing when we don’t know

– we said at the beginning of the lecture that we’d like to bookkeep
all of the uncertainties in our estimate, but the linear system just
tells us the mean, right?

– wrong, we can interpret it in the following way:

(
HTW−1H

)
︸ ︷︷ ︸

inverse
covariance

x̂︸︷︷︸
mean

= HTW−1z︸ ︷︷ ︸
information

vector

(62)

– so the covariance of our estimate is

P̂ =
(
HTW−1H

)−1
(63)

– our (Bayesian) estimate is

p(x|z) = N
(
x̂, P̂

)
(64)
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Knowing how to know when we don’t know

– to see this, we can directly take the expectation of the estimate:

x−
(
HTW−1H

)−1
HTW−1z︸ ︷︷ ︸

E[x]

=
(
HTW−1H

)−1
HTW−1 (Hx− z)︸ ︷︷ ︸

s

(65)

where s =

[
w
n

]

– in this case we have

P̂ = E
[
(x− E[x]) (x− E[x])

T
]

(66a)

=
(
HTW−1H

)−1
HTW−1 E

[
s sT

]
︸ ︷︷ ︸

W

W−1H
(
HTW−1H

)−1
(66b)

=
(
HTW−1H

)−1
(66c)
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Lecture Summary

– we have looked at how to estimate a whole trajectory using initial
state knowledge, a sequence of inputs, and a sequence of
measurements for linear systems corrupted by Gaussian noise

– our Bayesian method involves solving a linear system of equations
for the mean and also builds the covariance

– we know how to solve this linear system very efficiently by
exploiting the sparsity of the matrices

– we have a test for when the solution is unique

– the batch approach can only be used offline since it is acausal (it
uses future data to estimate past states)

– the forward pass of the RTS smoother is the recursive Kalman
filter, which can be used online

– Lecture 2: Nonlinearities and Lie Groups
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Lecture Outline

Lecture 1: Linear-Gaussian Estimation
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Perturbations and Optimization
Example: Point-Cloud Alignment

Lecture 3: Continuous-Time Estimation

Lecture 4: Beyond MAP – Variational Inference
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System

– we define our system using the following nonlinear models:

motion model: xk = f (xk−1,vk,wk) , k = 1 . . .K (67a)

observation model: yk = g (xk,nk) , k = 0 . . .K (67b)

where k is again the discrete-time index and K its maximum

– the variables have the following meanings:

system state : xk ∈ RN

initial state : x0 ∈ RN ∼ N
(
x̌0, P̌0

)

input : vk ∈ RN

process noise : wk ∈ RN ∼ N (0,Qk)

measurement : yk ∈ RM

measurement noise : nk ∈ RM ∼ N (0,Rk)
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Nonlinear errors

– we aim to use the MAP approach to state estimation, but now for
nonlinear systems

– we define the errors with respect to the prior and measurements to
be

ev,k(x) =

{
x̌0 − x0, k = 0
f (xk−1,vk,0)− xk, k = 1 . . .K

(68a)

ey,k(x) = yk − g (xk,0) , k = 0 . . .K (68b)

– as usual, there is one error term for every measurement, every
input, and one for the initial state knowledge
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MAP cost terms

– the contributions to the objective function are

Jv,k(x) =
1

2
ev,k(x)T W−1

v,k ev,k(x) (69a)

Jy,k(x) =
1

2
ey,k(x)T W−1

y,k ey,k(x) (69b)

– the overall objective function is then

J(x) =

K∑

k=0

(Jv,k(x) + Jy,k(x)) (70)

– by choosing Wv,k and Wy,k to be the inverse covariances of the
measurement noises, minimizing the objective function is
equivalent to maximizing the joint likelihood of all the data
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MAP as a factor graph
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measurements
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Stacking things up

– we further define

e(x) =

[
ev(x)
ey(x)

]
, ev(x) =




ev,0(x)
...

ev,K(x)


 , ey(x) =




ey,0(x)
...

ey,K(x)




(71a)

W = diag (Wv,Wy) , Wv = diag (Wv,0, . . . ,Wv,K) , (71b)

Wy = diag (Wy,0, . . . ,Wy,K) (71c)

so that the objective function can be written as

J(x) =
1

2
e(x)T W−1 e(x) (72)
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Standard nonlinear squared error form

– we can further define the modified error term,

u(x) = L e(x) (73)

where LTL = W−1 (i.e., from a Cholesky decomposition since W
is symmetric positive-definite)

– using these definitions, we can write the objective function simply
as

J(x) =
1

2
u(x)Tu(x) (74)

– this is precisely in a quadratic form, but not with respect to the
design variables, x

– due to the nonlinearities, this is typically a nonconvex function,
which can have local minima
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Gauss-Newton

– the Gauss-Newton optimization method iteratively approximates
the objective function as a quadratic, which can be analytically
minimized at each iteration – result is a local minimization of J(x)

– a ‘short-cut’ to the Gauss-Newton method is to start with a
first-order Taylor expansion of u(x):

u(xop + δx) ≈ u(xop) +

(
∂u(x)

∂x

∣∣∣∣
xop

)
δx (75)

– substituting into J we have

J(xop + δx)

≈ 1

2

(
u(xop) +

(
∂u(x)

∂x

∣∣∣∣
xop

)
δx

)T (
u(xop) +

(
∂u(x)

∂x

∣∣∣∣
xop

)
δx

)

(76)
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Gauss-Newton

– minimizing with respect to δx gives

∂J(xop + δx)

∂ δx
=

(
u(xop) +

(
∂u(x)

∂x

∣∣∣∣
xop

)
δx∗
)T (

∂u(x)

∂x

∣∣∣∣
xop

)
= 0

⇒
(
∂u(x)

∂x

∣∣∣∣
xop

)T(
∂u(x)

∂x

∣∣∣∣
xop

)
δx∗ = −

(
∂u(x)

∂x

∣∣∣∣
xop

)T

u(xop) (77)

– we apply the update to our initial guess using

xop ← xop + δx∗ (78)

and iterate to convergence

– modifications such a line search, Levenberg-Marquardt, and
trust-region methods can be used to improve convergence
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Maximum a posteriori

– getting back to our specific setup, we recall that

u(x) = L e(x) (79)

with L a constant

– we substitute this into the Gauss-Newton update to see that in
terms of the error, e(x), we have

(
HTW−1H

)
δx∗ = HTW−1 e(xop) (80)

with

H = − ∂e(x)

∂x

∣∣∣∣
xop

(81)

and where we have used LTL = W−1
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MAP

– at the individual error level, the linearized approximations are:

ev,k(xop + δx) ≈
{

ev,0(xop)− δx0, k = 0
ev,k(xop) + Fk−1δxk−1 − δxk, k = 1 . . .K

(82)

ey,k(xop + δx) ≈ ey,k(xop)−Gkδxk, k = 0 . . .K (83)

where

ev,k(xop) ≈
{

x̌0 − xop,0, k = 0
f (xop,k−1,vk,0)− xop,k, k = 1 . . .K

(84)

ey,k(xop) ≈ yk − g (xop,k,0) , k = 0 . . .K (85)

Fk−1 =
∂f(xk−1,vk,wk)

∂xk−1

∣∣∣∣
xop,k−1,vk,0

, Gk =
∂g(xk,nk)

∂xk

∣∣∣∣
xop,k,0

(86)
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MAP

– plugging these details into the batch Gauss-Newton equations(
HTW−1H

)
︸ ︷︷ ︸

block-tridiagonal

δx∗ = HTW−1e(xop) (87)

we have

δx =



δx0
δx1
δx2

.

.

.
δxK

 , H =



1
−F0 1

−F1

. . .

. . . 1
−FK−1 1

G0
G1

G2

. . .

GK



, e(xop) =



ev,0(xop)
ev,1(xop)

.

.

.
ev,K(xop)

ey,0(xop)
ey,1(xop)

.

.

.
ey,K(xop)


,

(88)
W = diag

(
P̌0,Q

′
1, . . . ,Q

′
K ,R

′
0,R
′
1, . . . ,R

′
K

)
(89)

– we solve for δx∗, update xop, and iterate to convergence
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Exploiting sparsity

– just as in the linear-Gaussian case, we must solve a large linear
system of equations where the left-hand side is block-tridiagonal –
only now we must do this at each iteration of Gauss-Newton

– we can modify the Cholesky and RTS smoothers to help us solve
this linear system of equations

– if we use the RTS smoother in a single forward and backward pass
where the linearization point is improved at each timestep, this is
referred to as the extended RTS smoother – the forward pass of
this is the extended Kalman filter

– if iterate over the whole trajectory, the RTS smoother can
efficiently implement the full Gauss-Newton method

– there are schemes in-between these two extremes such as the
iterated EKF and sliding-window filters
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Iterating is key

x0 x1 x2 x3 · · · xk�2 xk�1 xk xk+1 xk+2 · · · xK

x0 x1 x2 x3 · · · xk�2 xk�1 xk xk+1 xk+2 · · · xK

x0 x1 x2 x3 · · · xk�2 xk�1 xk xk+1 xk+2 · · · xK

Gauss-Newton iterates over the entire trajectory, but runs offline and not in constant time

Sliding-window filters iterate over several timesteps at once, run online and in constant time

IEKF iterates at only one timestep at a time, but runs online and in constant time
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Sliding-window filters

– sliding-window filters are a very common way to strike a nice
balance (accuracy vs. computational cost) between full batch
methods and basic filters:
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iterate new window:

– while there are several variants, most SWFs use marginalization in
the window-contraction step:
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We still need more tools

– consider the problem of aligning two point-clouds, yj and pj

– we define our error term for each point as

ej = yj −Tpj (90)

and our objective function (with no motion prior) as

J(T) =
1

2

M∑

j=1

wje
T
j ej =

1

2

M∑

j=1

wj
(
yj −Tpj

)T (
yj −Tpj

)
(91)

where wj > 0 are the usual scalar weights

– our state in this problem, T, is the unknown pose between the two
point-clouds

– T is not a typical vector quantity – it has constraints on its form
that we need to account for in the optimization problem
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Pose

F�!v

I

V

r�!
vi

vehicle

F�!i

– the pose of one reference frame with respect to another has six
degrees of freedom:

– three in translation
– three in rotation

– if we know the pose,
{
rvii ,Civ

}
, we can transform the coordinates

of a point, P , from one frame to another:

rpii = Civr
pv
v + rvii (92)
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Transformation matrices

– we can combine the translation and rotation of a pose into a
convenient form called the (4× 4) transformation matrix:

[
rpii
1

]
=

[
Civ rvii
0T 1

]

︸ ︷︷ ︸
Tiv

[
rpvv
1

]
(93)

– we see that this allows us to easily transform points from one frame
to another in so-called (4× 1) homogenous point representation:

[
r
1

]
=




x
y
z
1


 (94)

which just has an extra 1 at the bottom
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Transformation matrices

– transformation matrices are 4× 4 and always have this special
structure:

T =

[
C r
0T 1

]
(95)

– they have 16 parameters but only 6 degrees of freedom and
therefore must have 10 constraints

– 6 constraints come from CTC = 1 and the other 4 come from the
fact that the bottom row is always (0, 0, 0, 1)

– we can compound transformation matrices (just like rotation
matrices):

Tiv = TiaTabTbv (96)

and the structure always holds (more on this later); order matters
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Matrix Lie groups

– rotation and transformation matrices show up in our kinematic
(i.e., motion) and sensor (i.e., observation) models

– neither behaves like a vector, yet all of our estimation tools
assume the state is a vector

– it turns out that the sets of rotations and poses are not vector
spaces, but another type of mathematical object called matrix Lie
groups

– we will use the rest of this lecture to learn about this in the hope
that it will guide us in the estimation of rotations and poses

– spoiler: we will use properties of the Lie-group structure to
maintain our estimation algorithms as unconstrainted
optimizations
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Special orthogonal group

– the set of rotations is called the special orthogonal group:

SO(3) =
{
C ∈ R3×3|CCT = 1, det C = 1

}
(97)

– the CCT = 1 orthogonality condition is needed to impose 6
constraints on the 9-parameter rotation matrix, reducing the
degrees of freedom to 3

– noticing that

(detC)2 = det
(
CCT

)
= det1 = 1 (98)

we have that detC = ±1, allowing for two possibilities

– choosing detC = 1 ensures that we have a proper rotation, and
it’s this additional property that makes the O(3) orthogonality
group special
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Special Euclidean group

– the set of transformation matrices representing poses is called the
special Euclidean group:

SE(3) =

{
T =

[
C r
0T 1

]
∈ R4×4

∣∣∣∣∣C ∈ SO(3), r ∈ R3

}
(99)
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Matrix Lie groups

– both SO(3) and SE(3) are matrix Lie groups

– to be a group they must have an operator to combine elements
that satisfies 4 properties: closure, associativity, identity,
invertibility

– to be a Lie group the operator must be ‘smooth’

– to be a matrix Lie group the elements must be matrices and the
operator matrix multiplication

property SO(3) SE(3)

closure
C1,C2 ∈ SO(3)
⇒ C1C2 ∈ SO(3)

T1,T2 ∈ SE(3)
⇒ T1T2 ∈ SE(3)

associativity
C1 (C2C3) = (C1C2) C3

= C1C2C3

T1 (T2T3) = (T1T2) T3

= T1T2T3

identity
C,1 ∈ SO(3)
⇒ C1 = 1C = C

T,1 ∈ SE(3)
⇒ T1 = 1T = T

invertibility
C ∈ SO(3)

⇒ C−1 ∈ SO(3)
T ∈ SE(3)

⇒ T−1 ∈ SE(3)
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Lie algebras

– to every matrix Lie group there is associated a Lie algebra, which
consists of a vector space, V, over some field, F, together with a
binary operation, [·, ·], called the Lie bracket (of the algebra) that
satisfies four properties:

closure: [X,Y] ∈ V
bilinearity: [aX + bY,Z] = a[X,Z] + b[Y,Z],

[Z, aX + bY] = a[Z,X] + b[Z,Y]
alternating: [X,X] = 0

Jacobi identity: [X, [Y,Z]] + [Z, [Y,X]] + [Y, [Z,X]] = 0

for all X,Y,Z ∈ V and a, b ∈ F
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Lie algebra: rotations

– the Lie algebra associated with SO(3) is given by

vector space: so(3) =
{
Φ = φ∧ ∈ R3×3|φ ∈ R3,

}

field: R
Lie bracket: [Φ1,Φ2] = Φ1Φ2 −Φ2Φ1

where

φ∧ =



φ1

φ2

φ3



∧

=




0 −φ3 φ2

φ3 0 −φ1

−φ2 φ1 0


 ∈ R3×3, φ ∈ R3

(100)

is the (linear) skew-symmetric operator
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Lie algebra: poses

– the Lie algebra associated with SE(3) is given by

vector space: se(3) =
{
Ξ = ξ∧ ∈ R4×4|ξ ∈ R6

}

field: R
Lie bracket: [Ξ1,Ξ2] = Ξ1Ξ2 −Ξ2Ξ1

where

ξ∧ =

[
ρ
φ

]∧
=

[
φ∧ ρ
0T 0

]
∈ R4×4, ρ,φ ∈ R3

(101)

– this is an overloading of the (·)∧ operator from before to take
elements of R6 and turn them into elements of R4×4; it is still
linear
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This is getting exponentially more complicated

– ok, so the sets of rotation and transformation matrices are matrix
Lie groups: SO(3) and SE(3)

– each one has an associated Lie algebra: so(3) and se(3)

– so what, where is this all going?!

– to get to the next level of understanding, we need a connection
between the Lie group and Lie algebra

– that connection is the exponential map given by

exp(A) = 1 + A +
1

2!
A2 +

1

3!
A3 + · · · =

∞∑

n=0

1

n!
An

(102)

where A ∈ RM×M is a square matrix
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Exponential rotations

– for rotations, we can relate elements of SO(3) to elements of
so(3) through the exponential map:

C = exp
(
φ∧
)

=

∞∑

n=0

1

n!

(
φ∧
)n

(103)

where C ∈ SO(3) and φ ∈ R3 (and hence φ∧ ∈ so(3))

– we can also go in the other direction (but not uniquely) using

φ = ln (C)∨ (104)

– the mapping is surjective (or onto), meaning every element of
SO(3) can be generated by at least one element of so(3)

– the non-unique inverse mapping is due to singularities – in this
case φ+ 2πm with m any integer produces the same C
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Tangent space

F�!i

F�!v

✓vi

(1, ✓vi, 0)

C3(✓vi)11 = exp

0
@
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0
0
✓vi

3
5
^1
A
2
4

1
0
0

3
5

⇡

0
@1 +

2
4

0
0
✓vi

3
5
^1
A
2
4

1
0
0

3
5 =

2
4

1
✓vi

0

3
5

so(3)
SO(3)

– the vector space of a Lie algebra is the tangent space of the
associated Lie group at the identity element of the group, and it
completely captures the local structure of the group
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Exponential poses

– for poses, we can relate elements of SE(3) to elements of se(3),
again through the exponential map:

T = exp
(
ξ∧
)

=

∞∑

n=0

1

n!

(
ξ∧
)n

(105)

where T ∈ SE(3) and ξ ∈ R6 (and hence ξ∧ ∈ se(3))

– we can also go in the other direction (again, not uniquely) using

ξ = ln (T)∨ (106)

– the exponential map from se(3) to SE(3) is also surjective: every
ξ ∈ R6 maps to some T ∈ SE(3) (many-to-one) and every
T ∈ SE(3) can be generated by at least one ξ ∈ R6
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Pose change
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– varying each component of ξ then using T = exp
(
ξ∧
)

to
transform the points comprising the corners of a rectangular prism
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Perturbations

– we now introduce the idea of perturbations

– for vectors, we usually perturb like this:

x = x̄︸︷︷︸
‘big’

+ δx︸︷︷︸
‘small’

(107)

but actually this is an arbitrary choice

– in an optimization setting, perturbations are used like this:

x = x̄︸︷︷︸
initial guess

+ δx︸︷︷︸
optimal update

(108)

– in a probability setting, perturbations are used like this:

x = x̄︸︷︷︸
deterministic

+ δx︸︷︷︸
random noise

(109)
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Rotation perturbations

– for rotations, we will perturb like this:

C = δC︸︷︷︸
‘small’

C̄︸︷︷︸
‘big’

(110)

– we pick the following perturbation

δC = exp
(
ψ∧
)

(111)

which ensures C is still a valid rotation (by closure)

– this lets us linearize the product of a rotation and point, v:

Cv = δCC̄v = exp
(
ψ∧
)
C̄v ≈

(
1 +ψ∧

)
C̄v = C̄v −

(
C̄v
)∧
ψ

(112)
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Rotation perturbations
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Rotation perturbations
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Pose perturbations
– for poses, we will perturb like this:

T = δT︸︷︷︸
‘small’

T̄︸︷︷︸
‘big’

(113)

– we pick the following perturbation

δT = exp
(
ε∧
)

(114)

which ensures T is still a valid pose (by closure)

– can now linearize the product of a pose and homogeneous point, p:

Tp = δTT̄p = exp
(
ε∧
)
T̄p ≈

(
1 + ε∧

)
T̄p = T̄p +

(
T̄p
)�
ε

(115)

– we have used

ε∧p ≡ p�ε, p� =

[
ρ
η

]�
=

[
η1 −ρ∧
0T 0T

]
(116)
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Rotation optimization

– choose a perturbation scheme,

C = exp
(
ψ∧
)
Cop (117)

where ψ is a small perturbation applied to an initial guess, Cop

– insert this in the function, u(x), to be optimized:

u (Cv) = u
(
exp

(
ψ∧
)
Copv

)
≈ u

((
1 +ψ∧

)
Copv

)

≈ u(Copv)− ∂u

∂x

∣∣∣∣
x=Copv

(Copv)∧

︸ ︷︷ ︸
δT

ψ = u(Copv) + δTψ (118)

– then pick a perturbation, ψ, to decrease the function
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Rotation optimization: gradient descent

– suppose we would like to perform Riemannian gradient descent

– in this case, we would pick the perturbation to be of the form

ψ = −αδ (119)

with α > 0 a small step size

– we see the function is reduced by taking this step:

u (Cv)− u (Copv) ≈ −α δTδ︸ ︷︷ ︸
≥0

(120)

– retraction: apply the perturbation to update the initial guess,

Cop ← exp
(
−αδ∧

)
Cop (121)

so that Cop ∈ SO(3) at each iteration; iterate to convergence
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Rotation optimization: Gauss-Newton

– gradient descent can be quite slow

– let’s look at Gauss-Newton optimization

– suppose we have a general nonlinear, quadratic cost function of a
rotation of the form,

J(C) =
1

2

∑

m

(um(Cvm))2
(122)

where um(·) are scalar nonlinear functions and vm ∈ R3 are
three-dimensional points

– we begin with an initial guess for the optimal rotation,
Cop ∈ SO(3), and then perturb this (on the left) according to

C = exp
(
ψ∧
)
Cop (123)

where ψ is the perturbation
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Rotation optimization: Gauss-Newton

– we then apply our perturbation scheme inside each um(·) so that

um (Cvm) = um
(
exp(ψ∧)Copvm

)
≈ um

((
1 +ψ∧

)
Copvm

)

≈ um(Copvm)︸ ︷︷ ︸
βm

− ∂um
∂x

∣∣∣∣
x=Copvm

(Copvm)∧

︸ ︷︷ ︸
δTm

ψ (124)

is a linearized version of um(·) in terms of our perturbation, ψ

– inserting this back into our cost function we have

J(C) ≈ 1

2

∑

m

(
δTmψ + βm

)2
(125)

which is exactly quadratic in ψ
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Rotation optimization: Gauss-Newton

– taking the derivative of J with respect to ψ we have

∂J

∂ψT
=
∑

m

δm
(
δTmψ + βm

)
(126)

– set the derivative to zero to find the optimal perturbation, ψ?:

(∑

m

δmδ
T
m

)
ψ? = −

∑

m

βmδm (127)

– this is a linear system of equations, which we can solve for ψ?

– retraction: apply this optimal perturbation to our initial guess,

Cop ← exp
(
ψ?
∧
)

Cop, (128)

so that Cop ∈ SO(3) at each iteration; iterate to convergence
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Rotation optimization
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so(3)
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Rotation optimization commentary

– we have adapted classic optimization algorithms to work with the
matrix Lie group, SO(3), by exploiting the surjective property of
the exponential map to define an appropriate perturbation scheme

C = exp
(
ψ∧
)
Cop (129)

– we are essentially assuming that at each iteration the update, ψ,
will be small and so have mapped the optimization problem from
the Lie group up into the Lie algebra, so(3)

– this approach has three major advantages:

– we are storing our rotation in a singularity-free format, Cop

– at each iteration we are performing unconstrained optimization
– our manipulations occur at the matrix level

– we get away with this because the perturbation always becomes
very small as we converge to the optimum
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Pose optimization

– the same concepts can also be applied to poses

– suppose we have a general nonlinear, quadratic cost function of a
transformation of the form

J(T) =
1

2

∑

m

(um(Tpm))2
(130)

where um(·) are nonlinear functions and pm ∈ R4 are
three-dimensional points expressed in homogeneous coordinates

– we begin with an initial guess for the optimal transformation,
Top ∈ SE(3), and then perturb this (on the left) according to

T = exp
(
ε∧
)
Top (131)

where ε is the perturbation
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Pose optimization

– we then apply our perturbation scheme inside each um(·) so that

um (Tpm) = um
(
exp(ε∧)Toppm

)
≈ um

((
1 + ε∧

)
Toppm

)

≈ um(Toppm)︸ ︷︷ ︸
βm

+
∂um
∂x

∣∣∣∣
x=Toppm

(Toppm)�

︸ ︷︷ ︸
δTm

ε (132)

is a linearized version of um(·) in terms of our perturbation, ε

– inserting this back into our cost function we have

J(T) =
1

2

∑

m

(
δTmε+ βm

)2
(133)

which is exactly quadratic in ε

96 / 166



Pose optimization

– taking the derivative of J with respect to ε we have

∂J

∂εT
=
∑

m

δm
(
δTmε+ βm

)
(134)

– set the derivative to zero to find the optimal perturbation, ε?:

(∑

m

δmδ
T
m

)
ε? = −

∑

m

βmδm (135)

– this is a linear system of equations, which we can solve for ε?

– retraction: apply this optimal perturbation to our initial guess,

Top ← exp
(
ε?
∧
)

Top (136)

so that Top ∈ SE(3) at each iteration; iterate to convergence
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Point-cloud alignment

– consider the problem of aligning two point-clouds, yj and pj ,
which are in homogeneous-point form and j = 1 . . . J

– we define our error term for each point pair as

ej = yj −Tpj (137)

– we define our objective function as

J(T) =
1

2

M∑

j=1

wje
T
j ej =

1

2

M∑

j=1

wj
(
yj −Tpj

)T (
yj −Tpj

)
(138)

where wj > 0 are scalar weights

– we seek to minimize J with respect to T ∈ SE(3); we want to
know the pose between the two point-clouds
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Point-cloud alignment

– we use our SE(3)-sensitive perturbation scheme

T = exp
(
ε∧
)
Top ≈

(
1 + ε∧

)
Top (139)

where Top is some initial guess and ε is a small perturbation

– inserting this into the objective function we then have

J(T) ≈ 1

2

M∑

j=1

wj

(
(yj − zj)− z�j ε

)T (
(yj − zj)− z�j ε

)
(140)

where zj = Toppj and we have used that

ε∧ zj = z�j ε (141)

– the objective function is now exactly quadratic in ε
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Point-cloud alignment

– we can carry out a simple, unconstrained optimization for ε

– taking the derivative we find

∂J

∂εT
= −

M∑

j=1

wjz
�T
j

(
(yj − zj)− z�j ε

)
(142)

– setting this to zero, we have the following system of equations for
the optimal ε?:


 1

w

M∑

j=1

wjz
�T
j z�j


 ε? =

1

w

M∑

j=1

wjz
�T
j (yj − zj) (143)

– retraction: apply the optimal perturbation and iterate to
convergence:

Top ← exp
(
ε?
∧
)

Top (144)

100 / 166



Pose optimization commentary

– we have adapted classic optimization algorithms to work with the
matrix Lie group, SE(3), by exploiting the surjective property of
the exponential map to define an appropriate perturbation scheme

T = exp
(
ε∧
)
Top (145)

– we are essentially assuming that at each iteration the update, ε,
will be small and so have mapped the optimization problem from
the Lie group up into the Lie algebra, se(3)

– this approach has three major advantages:

– we are storing our pose in a singularity-free format, Top

– at each iteration we are performing unconstrained optimization
– our manipulations occur at the matrix level

– we get away with this because the perturbation always becomes
very small as we converge to the optimum
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Lecture Summary

– we have seen that despite nonlinearities in our motion and
observation models and even state variables that are members of
Lie groups, we can still carry out MAP estimation very similar to
the linear-Gaussian case

– the difference is that we now need to iterate to convergence, which
we do using some variant of Gauss-Newton

– many of the usual algorithms differ only based on which variables
are held fixed and which variables are optimized at each iteration
(e.g., full batch, extended RTS smoother, sliding-window filter,
(iterated) EKF)

– Lecture 3: Continuous-Time Estimation
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Lecture Outline

Lecture 1: Linear-Gaussian Estimation

Lecture 2: Nonlinearities and Lie Groups

Lecture 3: Continuous-Time Estimation
Problem Setup
Motion Prior
GP Regression
Lie Groups
STEAM

Lecture 4: Beyond MAP – Variational Inference
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Motivation

t0
t1

t2
tk�1 tk

tK�1
tK

tk+1
⌧. . .

. .
.

x(t) ⇠ GP
�
x̌(t), P̌(t, t0)

�

x(⌧) = ?asynchronous 
measurement times query time

– there are situations where it is beneficial to think of the robot’s
trajectory as a continuous function of time

– e.g., asynchronous measurements, scanning-while-moving sensors
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Two camps

<latexit sha1_base64="I/CLfJy+bPL58IujVCozaeADdqM="></latexit>

x(t) =  (t)c
<latexit sha1_base64="0t7GFq6MDcwusMg1z84fxsN9dLg="></latexit>

x(t) ⇠ GP(x̌(t), P̌(t, t0))

– two main camps: parametric (e.g., spline) and nonparametric
(e.g., Gaussian process)

– we will explore the latter in this lecture
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System

– we define our system using the following linear, time-varying
models:

motion model: ẋ(t) = A(t)x(t) + v(t) + L(t)w(t) (146a)

observation model: y(tk) = C(tk)x(tk) + n(tk), k = 0 . . .K

(146b)

where k is again the discrete-time index and K its maximum

– the variables have the following meanings:

system state : x(t) ∈ RN

initial state : x0 ∈ RN ∼ N
(
x̌0, P̌0

)

input : v(t) ∈ RN

process noise : w(t) ∈ RN ∼ GP (0,Qδ(t− t′))
measurement : y(tk) ∈ RM

measurement noise : n(tk) ∈ RM ∼ N (0,R(tk))
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Motion prior

– to connect to Gaussian process regression, we will convert our
motion model

ẋ(t) = A(t)x(t) + v(t) + L(t)w(t) (147)

into a kernel function

– after stochastic integration we have a GP motion prior

x(t) ∼ GP
(

Φ(t, t0)x̌0 +

∫ t

t0

Φ(t, s)v(s) ds

︸ ︷︷ ︸
x̌(t)

,

Φ(t, t0)P̌0Φ(t′, t0)T +

∫ min(t,t′)

t0

Φ(t, s)L(s)QL(s)TΦ(t′, s)T ds

︸ ︷︷ ︸
P̌(t,t′)

)
(148)

where Φ(t, s) is known as the transition function
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Motion prior

– at the measurement times t0 < t1 < · · · < tK we have

x ∼ N (x̌, P̌) = N
(
Av, AQAT

︸ ︷︷ ︸
kernel matrix

)
(149)

where

A =




1
Φ(t1, t0) 1
Φ(t2, t0) Φ(t2, t1) 1

...
...

...
. . .

Φ(tK−1, t0) Φ(tK−1, t1) Φ(tK−1, t2) · · · 1
Φ(tK , t0) Φ(tK , t1) Φ(tK , t2) · · · Φ(tK , tK−1) 1



,

v =




x̌0

v1
...

vK


 , vk =

∫ tk
tk−1

Φ(tk, s)v(s) ds, k = 1 . . .K,

Q = diag
(
P̌0,Q1,Q2, . . . ,QK

)
, Qk =

∫ tk
tk−1

Φ(tk, s)L(s)QL(s)TΦ(tk, s)
T ds, k = 1 . . .K

– this can often be precalculated analytically
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Estimate at measurement times

– if we only want to solve at the measurement times, things are
basically identical to the linear-Gaussian case:

x̂ = arg minx
1
2( Av︸︷︷︸

x̌

−x)T A−TQ−1A−1

︸ ︷︷ ︸
P̌−1

( Av︸︷︷︸
x̌

−x) + 1
2 (y −Cx)T R−1 (y −Cx)

(150)

⇒
(
A−TQ−1A−1 + CTR−1C

)
︸ ︷︷ ︸

block-tridiagonal

x̂ = A−TQ−1v + CTR−1y (151)

where

x̂ =




x̂(t0)
...

x̂(tK)


 , y =




y(t0)
...

y(tK)


 , C = diag (C(t0), . . . ,C(tK)) , R = diag (R(t0), . . . ,R(tK))

– only now our motion prior has been constructed from a stochastic
differential equation
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Still a sparse factor graph
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block-tridiagonal
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Querying at other times

– suppose that we’d like to query the trajectory as some other times
τ0 < τ1 < . . . < τJ

– the joint density between the state (at the query times) and the
measurements (at the measurement times) is written as

p

([
xτ
y

])
= N

([
x̌τ
Cx̌

]
,

[
P̌ττ P̌τC

T

CP̌T
τ R + CP̌CT

])
(152)

where

x̌ =




x̌(t0)
...

x̌(tK)


 , xτ =




x(τ0)
...

x(τJ)


 , x̌τ =




x̌(τ0)
...

x̌(τJ)


 , P̌τ =

[
P̌(τi, tj)

]
ij
, P̌ττ =

[
P̌(τi, τj)

]
ij

– using the Gaussian conditioning formula we have

p(xτ |y) = N
(

x̌τ + P̌τC
T (CP̌CT + R)−1(y −Cx̌)︸ ︷︷ ︸

x̂τ , mean

, P̌ττ − P̌τC
T (CP̌CT + R)−1CP̌T

τ︸ ︷︷ ︸
P̂ττ , covariance

)
(153)
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Querying at other times

– since we have already solved at the measurement times, we can
use x̂ and P̂ to simplify the solution at the query times:

x̂τ = x̌τ +
(
P̌τ P̌

−1
)

(x̂− x̌) (154a)

P̂ττ = P̌ττ +
(
P̌τ P̌

−1
) (

P̂− P̌
) (

P̌τ P̌
−1
)T

(154b)

which are the standard GP interpolation equations

– our inverse kernel matrix, P̌−1, is block-tridiagonal, so
interpolation is extremely efficient compared to generic GP
regression
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Single query is O(1)

– consider a single query time, tk ≤ τ < tk+1

– we can show that

x̂(τ) = x̌(τ) +
[
Λ(τ) Ψ(τ)

]([ x̂k
x̂k+1

]
−
[

x̌(tk)
x̌(tk+1)

])
(155a)

P̂(τ, τ) = P̌(τ, τ) +
[
Λ(τ) Ψ(τ)

]([ P̂k,k P̂k,k+1

P̂k+1,k P̂k+1,k+1

]
−
[

P̌(tk, tk) P̌(tk, tk+1)

P̌(tk+1, tk) P̌(tk+1, tk+1)

])[
Λ(τ)T

Ψ(τ)T

]

(155b)

where

Λ(τ) = Φ(τ, tk)−QτΦ(tk+1, τ)TQ−1
k+1Φ(tk+1, tk), Ψ(τ) = QτΦ(tk+1, τ)TQ−1

k+1, (156)

Qτ =
∫ τ
tk

Φ(τ, s)L(s)QL(s)TΦ(τ, s)T ds (157)

– in other words, we only need to use the posterior solution at the
two measurement times that bracket the query time
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GP regression summary

t0
t1

t2
tk�1 tk

tK�1
tK

tk+1
⌧. . .

. .
.

x(t) ⇠ GP
�
x̌(t), P̌(t, t0)

�

x(⌧) = ?asynchronous 
measurement times query time

– solve at the measurement times t0 < t1 < · · · < tK in O(K) time

– solve at each query time, τ , in O(1) time

– principled approach to interpolation since we’re using the motion
model not some other scheme

– we can also use this GP interpolation to reduce the number of
state variables while accounting for all measurement timestamps –
GP inducing points
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Example: white-noise on acceleration prior

– consider the case p̈(t) = w(t), where p(t) corresponds to position
and w(t) ∼ GP(0,Q δ(t− t′)) is white noise as before

– we can cast this in the form

ẋ(t) = Ax(t) + v(t) +Lw(t) (158)

by taking

x(t) =

[
p(t)
ṗ(t)

]
, A =

[
0 1
0 0

]
, v(t) = 0, L =

[
0
1

]
(159)

– importantly, the Markovian state is now both position and velocity

– in the absence of measurements to the contrary, this motion prior
tries to keep the velocity constant
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Example: white-noise on acceleration prior

– the transition function for this linear, time-invariant example is

Φ(tk, tk−1) =

[
1 ∆tk:k−11
0 1

]
(160)

where ∆tk:k−1 = tk − tk−1

– since there is no input, v(t) = 0, the prior becomes

x̌ = Av, P̌ = AQAT , (161)

v =




x̌0

0
...
0


 , Q = diag(P̌0,Q1, . . . ,QK), Qk =

[
1
3∆t3k:k−1Q

1
2∆t2k:k−1Q

1
2∆t2k:k−1Q ∆tk:k−1Q

]
(162)
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Example: white-noise on acceleration prior

– after solving at the measurement times, the interpolation
equations for tk ≤ τ < tk+1 become

x̂τ = x̌τ +

[
(1− 3α2 + 2α3)1 T (α− 2α2 + α3)1

1
T 6(−α+ α2)1 (1− 4α+ 3α2)1

]
(x̂k − x̌k)

+

[
(3α2 − 2α3)1 T (−α2 + α3)1
1
T 6(α− α2)1 (−2α+ 3α2)1

]
(x̂k+1 − x̌k+1) (163)

where
x̌τ = Φ(τ, tk)x̌k, α = τ−tk

tk+1−tk ∈ [0, 1], T = ∆tk+1:k = tk+1 − tk

– remarkably, the top row (corresponding to position) is precisely a
cubic Hermite polynomial interpolation – bottom row
(corresponding to velocity) is derivative of this

– this falls out of the math for free simply by picking the WNOA
motion prior
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Example: white-noise on acceleration prior

520 The International Journal of Robotics Research 32(5)

Table 2. RMS estimate errors and computation time for the hardware experiment.

Translation Orientation Landmark position Convergence Additional estimate
error (m) error (◦) error (m) time (s) interpolation time (s)

GN 0.114 4.38 0.177 1.6 0.002
GPGN 0.087 3.35 0.113 7.4 15
Landmark-only GPGN 0.077 3.01 0.071 31 15

Fig. 9. Plots depicting the results of landmark-only GPGN esti-
mator. The ground truth trajectory and landmark locations are
indicated by the black line and green diamonds, respectively. The
estimated robot positions and landmark estimates are indicated in
red, and the associated 3σ covariance envelopes are represented
by the blue shading. The lateral covariance envelopes were deter-
mined by projecting the estimated (x, y) covariances onto the lat-
eral dimension defined by the mean orientation estimate. (a) The
estimate for the short section of the robot traverse depicted in
Figures 7(a)–7(b). The smooth growth of the covariance envelope
reflects the measurement scarcity, and the omission of the minimal
lateral wheel slip model imposed by the odometry measurements.
(b) The estimate for the overall traverse. In addition to being more
accurate than the plots in Figures 7(c)–7(d), it can be seen that
the covariance envelope expands smoothly and accurately in the
regions with measurement scarcity, as depicted in Figure 8.

amount of literature is also available on scaling GPs to large
systems, including approximation using sparse methods,
and compactly supported covariance functions (Rasmussen
and Williams, 2006). Online operation may be addressed by
utilizing a sliding window formulation (Sibley et al., 2010),
or by extending the incremental smoothing and mapping
(iSAM) (Kaess et al., 2008, 2012) factorizations to GPGN,

which will provide the full batch solution at a fraction of the
computational cost. These factorizations have been utilized
successfully for online GP regression (Ranganathan et al.,
2011), and we expect a similar benefit for continuous-time
state estimation. Many of the variations on the basic frame-
work of GP regression should be transferable to the robotics
domain.

Possible directions for future work include comparisons
with a parametric spline approach, analysis of different GP
state models, and investigating methods for adaptive pose
placement to minimize the number of estimated poses. In
addition, more experimentation can be conducted involv-
ing larger datasets, and the presence of inertial measure-
ments. The theoretical contributions of this paper have
been applied towards 3D laser-based visual odometry by
Tong and Barfoot (2013), where a sparse appearance-
based approach was taken, and motion compensation was
addressed using a continuous-time state estimation for-
mulation using GPGN. This application is similar to the
landmark-only scenario presented in this paper, since the
sweeping nature of a 3D laser sensor results in only one
landmark observation at any given time.

Notes

1. This is a different odometry model than that used by Tong
et al. (2012), as it contains the additional lateral wheel slip
term. This resulted in significantly different estimates and
convergence rates.

2. Timing information recorded on a MacBook Pro with a 2.66
GHz Core 2 Duo and 4 GB of 1067 MHz DDR3 RAM in
Matlab, utilizing both cores.

Funding

This research received no specific grant from any funding agency
in the public, commercial, or not-for-profit sectors.
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– example continuous-time estimation using only the WNOA motion
prior plus landmark measurements – no odometry!
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What about 3D?

– we would like to do continuous-time estimation with Lie-group
state variables so we can estimate 3D trajectories

11
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Fig. 8. This figure depicts the trajectory estimated by STEAM-LIO during
the long sequence of the Newer College Dataset. The trajectory is colored
according to the absolute trajectory error when compared against the ground
truth. The estimated trajectory was aligned with the ground truth using the
Umeyama algorithm [70].

much better than our lidar-only odometry. Interestingly, the
majority of the improvement in performance seems to come
from using the gyroscope with only a minor additional im-
provement when the accelerometer is included.

In Figure 8, we provide a qualitative example of the trajec-
tory estimated by our approach. In this case, the trajectory is
colored by the absolute trajectory error (ATE). The estimated
trajectory is first aligned with the ground truth using the
Umeyama algorithm [70] before computing the ATE as defined
in [71]. Even though we do not make use of explicit loop
closure factors, we rely on implicitly closing the loop when
we revisit previously mapped areas. This allows us to achieve
a low ATE for an odometry method. Usually, ATE is used to
benchmark SLAM approaches and not odometry.

We provide another qualitative example of our lidar-inertial
odometry in Figure 9 where we plot the lidar map generated
by our approach alongside a panoramic image of the courtyard
of New College, Oxford. In this case, the pointcloud is colored
using the Ouster reflectivity. We used a finer voxelization to
produce a denser map here. This map was produced using
the Quad with Dynamics sequence from the Newer College
Dataset, which features dynamic swinging motions of the
sensor mast. Even with this dynamic motion, we are able to
produce a high-quality map.

C. Boreas Results

The Boreas dataset was collected at the University of
Toronto by driving a repeated route over the course of one year.
The dataset features varying seasonal and weather conditions.
The sensor suite, depicted in Figure 10 includes a Navtech
CIR304-H radar, a 128-beam Velodyne lidar, and an Ap-
planix GNSS/INS. Ground-truth poses were obtained by post-
processing all GPS, IMU, and wheel encoder measurements
as well as using a subscription for GPS corrections. In total,
the test set features 102km or 4.3h of driving data. We
extract 200Hz raw IMU measurements from the Applanix
logs and take care to ensure that the IMU measurements are
not corrected in any way by the GPS. Table III shows our
quantitative results for this experiment where we compare

(a) Panoramic image of the courtyard at New College, Oxford

(b) Lidar map of the courtyard colored by reflectivity

Fig. 9. In this figure, we provide a qualitative example of the map produced
by our lidar-inertial odometry using the first 150 seconds of the “quad with
dynamics” sequence from the Newer College Dataset [14]. In order to produce
this figure, we adjusted configuration parameters to produce a denser map.

several variations of our approach: lidar odometry, lidar-
inertial odometry, radar odometry, and radar-inertial odometry.
We also compare against our previously published work Visual
Teach & Repeat 3 (VTR3) [67].

It is somewhat surprising to see that our lidar-inertial odom-
etry does not do much better than our lidar odometry here. Our
hypothesis is that for relatively slow moving ground vehicles
as in the Boreas dataset, our continuous-time lidar odometry
is already doing a good job of compensating for the motion
distortion in the pointcloud. As such, the additional inertial
inputs do not significantly improve performance. On the other
hand, we can see that for radar odometry, including an IMU
results in a significant improvement of 19%. Our interpretation
of this result is that, due the sparsity and noisiness of the radar
data, there is more room for improvement by including an
IMU.

Another interesting result is that, when we evaluate our
lidar odometry in SE(2), we observe a significant gap in the
performance of lidar and radar odometry. This is somewhat
contrary to what has been shown in prior work where radar
odometry appeared to be getting close to the performance
of lidar [35]. One important caveat here is that the under-
lying ground truth is in SE(3) whereas radar odometry is
being estimated in SE(2). As such, we have to project the
ground truth from 3D to 2D before comparing it to the radar
odometry estimates. This projection becomes less accurate as
the trajectory length increases. The KITTI odometry metric
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Special Euclidean group

– in order to recycle our linear continuous-time tools, we will stitch
together many local GPs

<latexit sha1_base64="yAbQ/KBHvNOzoOvrnsnAwoSrnQU=">AAACC3icbZDLSsNAFIZPvNZ6q7p0EyxC3ZREipddwY1LBatCU8pkemKHTiZh5kQooY/g1q2+gztx60P4Cj6F07R4/2Hg5//PYQ5fmEphyPPenJnZufmFxdJSeXlldW29srF5aZJMc2zxRCb6OmQGpVDYIkESr1ONLA4lXoWDk3F/dYvaiERd0DDFTsxulIgEZ2SjIIjDKL8Y1ag72OtWql7dK+T+Nf7UVJslKHTWrbwHvYRnMSrikhnT9r2UOjnTJLjEUTnIDKaMD9gNtq1VLEbTyYubR+6uTXpulGj7FLlF+n0jZ7Exwzi0kzGjvvndjcP/unZG0VEnFyrNCBWffBRl0qXEHQNwe0IjJzm0hnEt7K0u7zPNOFlM5aBYzFVCBaBuH1kP9ahs4fhfTI6tDhtTc+x/wrncr/sHdf+8UW3WJpSgBNuwAzXw4RCacApn0AIOKdzDAzw6d86T8+y8TEZnnOnOFvyQ8/oBmjycPw==</latexit>

T(tk)

<latexit sha1_base64="1xN4bfCqzmHZFHsjuWES5le4gH0="></latexit>

T(tk+1)<latexit sha1_base64="cfpMPNOkZgvaz/QzUpanq3NCMFc="></latexit>

$(tk+1)

<latexit sha1_base64="V1/LmKA4s5fK1UJGZYAynYxyHNo=">AAACFHicbZDLSsNAFIZPvNZ6q7p0EyxC3ZREipddwY1LBatCU8pkemqHTiZh5kQoIa/h1q2+gztx695X8CmcpsX7DwM//38Oc/jCRApDnvfmzMzOzS8slpbKyyura+uVjc1LE6eaY4vHMtbXITMohcIWCZJ4nWhkUSjxKhyejPurW9RGxOqCRgl2InajRF9wRjbqVraCKDRZcMt0IvIadbNhvtetVL26V8j9a/ypqTZLUOisW3kPejFPI1TEJTOm7XsJdTKmSXCJeTlIDSaMD9kNtq1VLELTyYrjc3fXJj23H2v7FLlF+n0jY5Exoyi0kxGjgfndjcP/unZK/aNOJlSSEio++aifSpdid0zC7QmNnOTIGsa1sLe6fMA042R5lYNiMVMxTUgNkPVQ52ULx/9icmx12JiaY/8TzuV+3T+o++eNarM2oQQl2IYdqIEPh9CEUziDFnAYwT08wKNz5zw5z87LZHTGme5swQ85rx9lfZ/l</latexit>

$(tk)

<latexit sha1_base64="PT/jyNo2DYYwHVeMFtVB7yiIBa4=">AAACEHicbZDLSsNAFIZPvNZ6q7p0EyxC3ZRExMuu4Malgr1AU8pketoOTiZh5kQooS/h1q2+gztx6xv4Cj6F07R4/2Hg5//PYQ5fmEhhyPPenLn5hcWl5cJKcXVtfWOztLXdMHGqOdZ5LGPdCplBKRTWSZDEVqKRRaHEZnhzPumbt6iNiNU1jRLsRGygRF9wRjbqljaDKDRZcMt0IsYVOuiWyl7Vy+X+Nf7MlGsFyHXZLb0HvZinESrikhnT9r2EOhnTJLjEcTFIDSaM37ABtq1VLELTyfLDx+6+TXpuP9b2KXLz9PtGxiJjRlFoJyNGQ/O7m4T/de2U+qedTKgkJVR8+lE/lS7F7oSC2xMaOcmRNYxrYW91+ZBpxsmyKgb5YqZimlIaIuuhHhctHP+LyZnVydHMnPmfcBqHVf+46l8dlWuVKSUowC7sQQV8OIEaXMAl1IFDCvfwAI/OnfPkPDsv09E5Z7azAz/kvH4A4SGd+w==</latexit>

$(t)

<latexit sha1_base64="vm7oYE3+yZykGmXgQ7QhIpD77ok=">AAACCXicbVDLSgNBEOz1GeMr6tHLYhDiJexK8HELePEYIVExCWF20msGZ2eXmV4hLPkCr171H7yJV7/CX/ArnGyC74KBoqqL7qkgkcKQ5705M7Nz8wuLhaXi8srq2nppY/PcxKnm2OKxjPVlwAxKobBFgiReJhpZFEi8CG5Oxv7FLWojYtWkYYLdiF0rEQrOyEpXnSgIs+aoQnu9Utmrejncv8SfknK9ADkavdJ7px/zNEJFXDJj2r6XUDdjmgSXOCp2UoMJ4zfsGtuWKhah6Wb5xSN31yp9N4y1fYrcXP2eyFhkzDAK7GTEaGB+e2PxP6+dUnjUzYRKUkLFJ4vCVLoUu+Pvu32hkZMcWsK4FvZWlw+YZpxsScVOHsxUTHk9vQGyPupR0Zbjf3VybHFYm5Jj/7Oc8/2qf1D1z2rlemXSEhRgG3agAj4cQh1OoQEt4KDgHh7g0blznpxn52UyOuNMM1vwA87rBwLcm2E=</latexit>

T(t)

<latexit sha1_base64="tlItKr9j0nEeAr3N4ipsykVah1A="></latexit>

⇠k(tk) = 0

<latexit sha1_base64="E4qGb2DULyJPPn50+pp+6yRldo4="></latexit>

⇠k(t) = ln
�
T(t)T(tk)�1

�_
<latexit sha1_base64="bB4ELLFHG+Cl8yLxmTP7YU7gtio=">AAACFnicbZDNSgMxFIXv1L9a/6riyk2wCK7KjBSru4IblxVsFdpS7qSpDc0kQ5IRy9D3cOtW38GduHXrK/gUptPi/4HA4dyc5PKFseDG+v6bl5ubX1hcyi8XVlbX1jeKm1tNoxJNWYMqofRViIYJLlnDcivYVawZRqFgl+HwdDK/vGHacCUv7ChmnQivJe9zitZF3eJOOwrVbSoURUFuUHN0zXG3WPLLfiby1wQzU6rlIVO9W3xv9xRNIiYtFWhMK/Bj20lRW07de4V2YliMdIjXrOWsxIiZTpqtPyb7LumRvtLuSEuy9HsjxciYURS6mxHagfk9m4T/zVqJ7R93Ui7jxDJJpx/1E0GsIhMWpMc1o1aMnEGquduV0AFqpNYRK7SzYiqVnbIaMOwxPS44OMEXkxOnamVmToJPOM3DcnBUDs4rpdrBlBLkYRf24AACqEINzqAODaCQwj08wKN35z15z97L9GrOm3W24Ye81w8nTaDZ</latexit>

local variable

<latexit sha1_base64="23jlmdD8pRRNmeGNdh/q6fXln0M="></latexit>

global variables

– we introduce local variables, ξk(t), in the Lie algebra of SE(3)
and then define a WNOA motion prior over these

ξ̈k(t) = wk(t), wk(t) ∼ GP(0,Q(t− t′)) (164)
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Motion prior in Lie algebra

– we reorganize the WNOA motion prior into the requisite form

d

dt

[
ξk(t)
ψk(t)

]
=

[
0 1
0 0

] [
ξk(t)
ψk(t)

]

︸ ︷︷ ︸
γk(t)

+

[
0
1

]
wk(t) (165)

– we integrate this stochastically to obtain our kernel function

γk(t) ∼ GP
(
Φ(t, tk)γ̌k(tk)︸ ︷︷ ︸

mean function

,Φ(t, tk)P̌(tk)Φ(t, tk)
T + Q(t− tk)︸ ︷︷ ︸

covariance function

)

(166)

where

Φ(t, t′) =

[
1 (t− t′)1
0 1

]
, Q(t− t′) =

[
1
3(t− t′)3Q 1

2(t− t′)2Q
1
2(t− t′)2Q (t− t′)Q

]
, t ≥ t′ (167)

and γ̌k(tk) and P̌(tk) are the initial mean and covariance at t = tk
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Motion prior in Lie algebra

<latexit sha1_base64="Fz1ZyTjdJRXsxJh3iKiYZwg/POM="></latexit>

Jv,k =
1

2
eT

v,kQ
�1
k ev,k

<latexit sha1_base64="5/zXOZoAvSKz0tlh1oieTrilutQ="></latexit>

Jv =

KX

k=0

Jv,k

<latexit sha1_base64="y0HurAHzpgR9rpLfZivdjtQD15E=">AAACBHicbVDLSsNAFL3xWeOr6tJNsAiuSiJi7a7gxqWCVaENZTK9sYOTSZi5EUro1q1b/Qd34tb/8Bf8Cqdp8X1g4HDOPdw7J8qkMOT7b87M7Nz8wmJlyV1eWV1br25sXpg01xzbPJWpvoqYQSkUtkmQxKtMI0siiZfRzfHYv7xFbUSqzmmYYZiwayViwRlZqU29wh/1qjW/7pfw/pJgSmqtCpQ47VXfu/2U5wkq4pIZ0wn8jMKCaRJc4sjt5gYzxm/YNXYsVSxBExblsSNv1yp9L061fYq8Uv2eKFhizDCJ7GTCaGB+e2PxP6+TU3wUFkJlOaHik0VxLj1KvfHPvb7QyEkOLWFcC3urxwdMM062H7dbBguVUtlMb4Csj3rk2nKCr06aFo2DKWkGn+Vc7NeDw3pwdlBr7U1aggpsww7sQQANaMEJnEIbOAi4hwd4dO6cJ+fZeZmMzjjTzBb8gPP6AZMfmYg=</latexit>

t0

<latexit sha1_base64="fgZasEoH8WMxe2cf6LCUnxMh7NQ=">AAACAnicbVDLSgNBEOyNrxhfUY9eFoPgKexKMOYW8CJ4iWhUSEKYnXSSwdnZZaZXCEtuXr3qP3gTr/6Iv+BXONkE3wUDRVUX3VNBLIUhz3tzcnPzC4tL+eXCyura+kZxc+vSRInm2OSRjPR1wAxKobBJgiRexxpZGEi8Cm6OJ/7VLWojInVBoxg7IRso0ReckZXOqXvaLZa8spfB/Uv8GSnV85Ch0S2+t3sRT0JUxCUzpuV7MXVSpklwieNCOzEYM37DBtiyVLEQTSfNTh27e1bpuf1I26fIzdTviZSFxozCwE6GjIbmtzcR//NaCfWPOqlQcUKo+HRRP5EuRe7k325PaOQkR5YwroW91eVDphkn206hnQVTFVHWS3eIrId6XLDl+F+d1CyqlRmp+Z/lXB6U/cOyf1Yp1fenLUEedmAX9sGHKtThBBrQBA4DuIcHeHTunCfn2XmZjuacWWYbfsB5/QDih5iX</latexit>

tK

<latexit sha1_base64="PpVjN617r1rflwlmTCis6zYzV5Y="></latexit>

total prior cost

<latexit sha1_base64="ySBFoIuDfcsHUngBffnJj7eH7lQ="></latexit>

prior cost term

– build errors and assemble them into MAP cost terms

ev,k =





[
− ln

(
T(t0)Ť−1

0

)∨
$̌0 −$(t0)

]
k = 0

Φ(tk, tk−1)
(
γk−1(tk−1)− γ̌k−1(tk−1)

)

−
(
γk−1(tk)− γ̌k−1(tk)

)
k > 0

(168)

– note Q0 = P̌0 and Qk = Q(tk − tk−1) for k = 1 . . .K
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Motion prior in Lie algebra

<latexit sha1_base64="Fz1ZyTjdJRXsxJh3iKiYZwg/POM="></latexit>

Jv,k =
1

2
eT

v,kQ
�1
k ev,k

<latexit sha1_base64="5/zXOZoAvSKz0tlh1oieTrilutQ="></latexit>

Jv =

KX

k=0

Jv,k

<latexit sha1_base64="y0HurAHzpgR9rpLfZivdjtQD15E=">AAACBHicbVDLSsNAFL3xWeOr6tJNsAiuSiJi7a7gxqWCVaENZTK9sYOTSZi5EUro1q1b/Qd34tb/8Bf8Cqdp8X1g4HDOPdw7J8qkMOT7b87M7Nz8wmJlyV1eWV1br25sXpg01xzbPJWpvoqYQSkUtkmQxKtMI0siiZfRzfHYv7xFbUSqzmmYYZiwayViwRlZqU29wh/1qjW/7pfw/pJgSmqtCpQ47VXfu/2U5wkq4pIZ0wn8jMKCaRJc4sjt5gYzxm/YNXYsVSxBExblsSNv1yp9L061fYq8Uv2eKFhizDCJ7GTCaGB+e2PxP6+TU3wUFkJlOaHik0VxLj1KvfHPvb7QyEkOLWFcC3urxwdMM062H7dbBguVUtlMb4Csj3rk2nKCr06aFo2DKWkGn+Vc7NeDw3pwdlBr7U1aggpsww7sQQANaMEJnEIbOAi4hwd4dO6cJ+fZeZmMzjjTzBb8gPP6AZMfmYg=</latexit>

t0

<latexit sha1_base64="fgZasEoH8WMxe2cf6LCUnxMh7NQ=">AAACAnicbVDLSgNBEOyNrxhfUY9eFoPgKexKMOYW8CJ4iWhUSEKYnXSSwdnZZaZXCEtuXr3qP3gTr/6Iv+BXONkE3wUDRVUX3VNBLIUhz3tzcnPzC4tL+eXCyura+kZxc+vSRInm2OSRjPR1wAxKobBJgiRexxpZGEi8Cm6OJ/7VLWojInVBoxg7IRso0ReckZXOqXvaLZa8spfB/Uv8GSnV85Ch0S2+t3sRT0JUxCUzpuV7MXVSpklwieNCOzEYM37DBtiyVLEQTSfNTh27e1bpuf1I26fIzdTviZSFxozCwE6GjIbmtzcR//NaCfWPOqlQcUKo+HRRP5EuRe7k325PaOQkR5YwroW91eVDphkn206hnQVTFVHWS3eIrId6XLDl+F+d1CyqlRmp+Z/lXB6U/cOyf1Yp1fenLUEedmAX9sGHKtThBBrQBA4DuIcHeHTunCfn2XmZjuacWWYbfsB5/QDih5iX</latexit>

tK

<latexit sha1_base64="PpVjN617r1rflwlmTCis6zYzV5Y="></latexit>

total prior cost

<latexit sha1_base64="ySBFoIuDfcsHUngBffnJj7eH7lQ="></latexit>

prior cost term

– we back-substitute for the errors in terms of the global variables

ev,k =





[
− ln

(
T(t0)Ť−1

0

)∨
$̌0 −$(t0)

]
k = 0

[
(tk − tk−1)$(tk−1)− ln

(
T(tk)T(tk−1)−1

)∨

$(tk−1)−J
(

ln
(
T(tk)T(tk−1)−1

)∨)−1
$(tk)

]
k > 0

(169)

124 / 166



Lie group aside

– we need a few more Lie-group tools at this point

– the SE(3) Jacobian, J ∈ R6×6, allows us to make the following
approximation when ξ1 small

exp
(
ξ∧1
)

exp
(
ξ∧2
)
≈ exp

(J (ξ2)−1 ξ1 + ξ2

)
(170)

– the adjoint of a pose, T = Ad(T) ∈ R6×6, is an inner
automorphism operator that allows

(T x)∧ = Tx∧T−1
(171)
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Motion prior in Lie algebra

– with these Lie group tools we can perturb our to-be-estimated
state variables according to

Tk = exp(ε∧k )Top,k, $k = $op,k + ηk (172)

– we then linearize our motion prior errors terms so that

ev,k(x) ≈ ev,k(xop) + Fk−1εk−1 −Ekεk (173)

where εk =

[
εk
ηk

]
and

Fk−1 =





0 k = 0[
J −1

op,k,k−1T op,k,k−1 (tk − tk−1)1
1
2$

f
op,kJ −1

op,k,k−1T op,k,k−1 1

]
k > 0

, Ek =





[
J
(

ln
(
Top,0Ť

−1
0

)∨)−1
0

0 1

]
k = 0

[
J −1

op,k,k−1 0
1
2$

f
op,kJ −1

op,k,k−1 J −1
op,k,k−1

]
k > 0
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Motion prior in Lie algebra

– our quadratic approximation of the motion prior term at our
current guess is therefore

Jv ≈
1

2

(
ev(xop)− F−1 δx1

)T
Q−1

(
ev(xop)− F−1 δx1

)
(174)

where

ev(xop) =




ev,0(xop)
ev,1(xop)

...
ev,K(xop)


 , F−1 =




E0

−F0 E1

−F1 E2

. . .
. . .

−FK−1 EK



, δx1 =




ε0

ε1

ε2
...
εK



,

Q = diag
(
P̌0,Q1, . . . ,QK

)

– this is essentially all we need to carry out MAP estimation via
Gauss-Newton once we incorporate some measurement terms
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STEAM

– let’s look at simultaneous trajectory estimation and mapping

– the state to be estimated is now

x =
{

T0,$0, . . . ,TK ,$K︸ ︷︷ ︸
x1

,p1, . . . ,pM︸ ︷︷ ︸
x2

}
(175)

which includes poses, generalized velocities, and landmarks, pj

– the measurements at times t0, t1, . . . , tK are

y = {y10, . . .yM0, . . . ,y1K , . . . ,yMK} (176)

– each measurement is of the form

yjk = s(Tkpj) + njk, njk ∼ N (0,Rjk) (177)

where s(·) is a nonlinear sensor model (e.g., a stereo camera)
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Landmarks and measurement error term

– our landmarks are in homogeneous coordinates so we perturb
according to

pj = pop,j + Dζj , D =




1 0 0
0 1 0
0 0 1
0 0 0


 (178)

where pop,j is the operating point and ζj is the perturbation

– the error associated with a measurement is then

ey,jk(x) = yjk − s (Tkpj) (179)

– all the errors can be stacked up into a tall error vector as

ey(xop) =




ey,10(xop)
ey,20(xop)

...
ey,MK(xop)


 (180)
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Linearizing Tp

– it is worth a small aside to see how to linearize the product Tp

– we insert our various perturbation schemes so that

Tp = exp (ε∧) Top (pop + Dζ)

≈ (1 + ε∧) Top (pop + Dζ)

≈ Toppop + ε∧Toppop + TopDζ + ε∧TopDζ︸ ︷︷ ︸
very small

≈ Toppop + (Toppop)� ε+ TopDζ

= Toppop +
[
(Toppop)� 0 TopD

]


ε
η
ζ




– then we can use the chain rule to write

s (Tp) ≈ s (Toppop) + S
[
(Toppop)� 0 TopD

]


ε
η
ζ


 (182)

with S the Jacobian of the sensor model, s(·)
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Linearized error term

– our linearized error can then be written as

ey(x) ≈ ey(xop)−G1 δx1 −G2 δx2 (183)

where

δx1 =




ε0

ε1

ε2
...
εK



, δx2 =




ζ1

ζ2
...
ζM


 , G1 =




G1,10
...

G1,M0

G1,11
...

G1,M1

. . .

. . .

G1,1K
...

G1,MK




, G2 =




G2,10

. . .

G2,M0

G2,11

. . .

G2,M1
...
...

G2,1K

. . .

G2,MK




,

G1,jk =
[
Sjk (Top,kpop,j)

� 0
]
, G2,jk = SjkTop,kD, R = diag (R10,R20, . . . ,RMK)

– our quadratic approximation of the measurement term at our
current guess is therefore

Jy(x) ≈ 1
2 (ey(xop)−G1 δx1 −G2 δx2)T R−1 (ey(xop)−G1 δx1 −G2 δx2) (184)
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MAP cost

– MAP cost is then J(x) = Jv(x) + Jy(x), which can be
quadratically approximated as

J(x) = Jv(x) + Jy(x) ≈ J(xop)− e(xop)TW−1H δx + δxTHTW−1H δx (185)

with
e(xop) =

[
ev(xop)
ey(xop)

]
, δx =

[
δx1

δx2

]
, H =

[
F−1 0
G1 G2

]
, W =

[
Q 0
0 R

]

– the minimizing perturbation, δx?, is the solution to

HTW−1H δx? = HTW−1e(xop) (186)

– we solve for δx?, then apply the optimal perturbations

Top,k ← exp
(
ε?
∧
k

)
Top,k, $op,k ←$op,k + η?k, pop,j ← pop,j + Dζ?j

and iterate to convergence
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STEAM example

<latexit sha1_base64="KmiHlJR713IjQnpmYiN04EssDNE="></latexit>

first pose fixed

<latexit sha1_base64="60RtwxeDSIZewXaCZ2MxWHDTZhw="></latexit>

pose with

<latexit sha1_base64="NAI39WYiPY7xxmzqMt7oXYjvic0="></latexit>

landmark with

<latexit sha1_base64="lnzqEfCIypT/ZRzhPS8sR7BnXMw=">AAACE3icbZDLSgNBEEVrfMb4inHpZjAILiTMiPjYBdy4jGBUSELo6VRMY0/30F0jhiGf4dat/oM7cesH+At+hZ1J8H2h4XJvFV2cKJHCUhC8eVPTM7Nz84WF4uLS8spqaa18bnVqODa4ltpcRsyiFAobJEjiZWKQxZHEi+j6eNRf3KCxQqszGiTYjtmVEj3BGbmoUyq34kjfZqniaIgJRYNhp1QJqkEu/68JJ6ZSK0Cueqf03upqnsaoiEtmbTMMEmpnzJDgEofFVmoxYfyaXWHTWcVitO0sv33ob7mk6/e0cU+Rn6ffNzIWWzuIIzcZM+rb390o/K9rptQ7bGdCJSmh4uOPeqn0SfsjEH5XGOQkB84wboS71ed9Zhgnh6vYyhczpWkMqo+si2ZYdHDCLyZHTgd7E3MUfsI5362G+9XwdK9S2xlTggJswCZsQwgHUIMTqEMDONzCPTzAo3fnPXnP3st4dMqb7KzDD3mvH3dioAQ=</latexit>

uncertainty

<latexit sha1_base64="lnzqEfCIypT/ZRzhPS8sR7BnXMw=">AAACE3icbZDLSgNBEEVrfMb4inHpZjAILiTMiPjYBdy4jGBUSELo6VRMY0/30F0jhiGf4dat/oM7cesH+At+hZ1J8H2h4XJvFV2cKJHCUhC8eVPTM7Nz84WF4uLS8spqaa18bnVqODa4ltpcRsyiFAobJEjiZWKQxZHEi+j6eNRf3KCxQqszGiTYjtmVEj3BGbmoUyq34kjfZqniaIgJRYNhp1QJqkEu/68JJ6ZSK0Cueqf03upqnsaoiEtmbTMMEmpnzJDgEofFVmoxYfyaXWHTWcVitO0sv33ob7mk6/e0cU+Rn6ffNzIWWzuIIzcZM+rb390o/K9rptQ7bGdCJSmh4uOPeqn0SfsjEH5XGOQkB84wboS71ed9Zhgnh6vYyhczpWkMqo+si2ZYdHDCLyZHTgd7E3MUfsI5362G+9XwdK9S2xlTggJswCZsQwgHUIMTqEMDONzCPTzAo3fnPXnP3st4dMqb7KzDD3mvH3dioAQ=</latexit>

uncertainty

<latexit sha1_base64="JfCt0MfCZYXvNRA88oy2HG4AAWw=">AAACE3icbZDJSgNBFEVfxynGKcalm8YguJDQLeKwC7hxGcFoIAmhuvKSFKmhqaoWQ5PPcOtW/8GduPUD/AW/wkonOF8ouNz3LvU4UcyZsUHw5uXm5hcWl/LLhZXVtfWN4mbpyqhEU6xTxZVuRMQgZxLrllmOjVgjERHH62h4Nplf36A2TMlLO4qxLUhfsh6jxLqoUyy1RKRuU4HEJBoFSjvuFMtBJcjk/zXhzJSrechU6xTfW11Fk0mZcmJMMwxi206JtoxyHBdaicGY0CHpY9NZSQSadprdPvZ3XdL1e0q7J62fpd8bKRHGjETkNgWxA/N7Ngn/mzUT2ztpp0zGiUVJpx/1Eu5b5U9A+F2mkVo+coZQzdytPh0QTah1uAqtrJhKZaegBki6qMcFByf8YnLqdHw4M6fhJ5yrg0p4VAkvDsvV/SklyMM27MAehHAMVTiHGtSBwi3cwwM8enfek/fsvUxXc96sswU/5L1+AF1Pn/Q=</latexit>

measurement

– with only one landmark measurement per pose, the motion prior is
necessary to solve
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STEAM example
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Fig. 8. This figure depicts the trajectory estimated by STEAM-LIO during
the long sequence of the Newer College Dataset. The trajectory is colored
according to the absolute trajectory error when compared against the ground
truth. The estimated trajectory was aligned with the ground truth using the
Umeyama algorithm [70].

much better than our lidar-only odometry. Interestingly, the
majority of the improvement in performance seems to come
from using the gyroscope with only a minor additional im-
provement when the accelerometer is included.

In Figure 8, we provide a qualitative example of the trajec-
tory estimated by our approach. In this case, the trajectory is
colored by the absolute trajectory error (ATE). The estimated
trajectory is first aligned with the ground truth using the
Umeyama algorithm [70] before computing the ATE as defined
in [71]. Even though we do not make use of explicit loop
closure factors, we rely on implicitly closing the loop when
we revisit previously mapped areas. This allows us to achieve
a low ATE for an odometry method. Usually, ATE is used to
benchmark SLAM approaches and not odometry.

We provide another qualitative example of our lidar-inertial
odometry in Figure 9 where we plot the lidar map generated
by our approach alongside a panoramic image of the courtyard
of New College, Oxford. In this case, the pointcloud is colored
using the Ouster reflectivity. We used a finer voxelization to
produce a denser map here. This map was produced using
the Quad with Dynamics sequence from the Newer College
Dataset, which features dynamic swinging motions of the
sensor mast. Even with this dynamic motion, we are able to
produce a high-quality map.

C. Boreas Results

The Boreas dataset was collected at the University of
Toronto by driving a repeated route over the course of one year.
The dataset features varying seasonal and weather conditions.
The sensor suite, depicted in Figure 10 includes a Navtech
CIR304-H radar, a 128-beam Velodyne lidar, and an Ap-
planix GNSS/INS. Ground-truth poses were obtained by post-
processing all GPS, IMU, and wheel encoder measurements
as well as using a subscription for GPS corrections. In total,
the test set features 102km or 4.3h of driving data. We
extract 200Hz raw IMU measurements from the Applanix
logs and take care to ensure that the IMU measurements are
not corrected in any way by the GPS. Table III shows our
quantitative results for this experiment where we compare

(a) Panoramic image of the courtyard at New College, Oxford

(b) Lidar map of the courtyard colored by reflectivity

Fig. 9. In this figure, we provide a qualitative example of the map produced
by our lidar-inertial odometry using the first 150 seconds of the “quad with
dynamics” sequence from the Newer College Dataset [14]. In order to produce
this figure, we adjusted configuration parameters to produce a denser map.

several variations of our approach: lidar odometry, lidar-
inertial odometry, radar odometry, and radar-inertial odometry.
We also compare against our previously published work Visual
Teach & Repeat 3 (VTR3) [67].

It is somewhat surprising to see that our lidar-inertial odom-
etry does not do much better than our lidar odometry here. Our
hypothesis is that for relatively slow moving ground vehicles
as in the Boreas dataset, our continuous-time lidar odometry
is already doing a good job of compensating for the motion
distortion in the pointcloud. As such, the additional inertial
inputs do not significantly improve performance. On the other
hand, we can see that for radar odometry, including an IMU
results in a significant improvement of 19%. Our interpretation
of this result is that, due the sparsity and noisiness of the radar
data, there is more room for improvement by including an
IMU.

Another interesting result is that, when we evaluate our
lidar odometry in SE(2), we observe a significant gap in the
performance of lidar and radar odometry. This is somewhat
contrary to what has been shown in prior work where radar
odometry appeared to be getting close to the performance
of lidar [35]. One important caveat here is that the under-
lying ground truth is in SE(3) whereas radar odometry is
being estimated in SE(2). As such, we have to project the
ground truth from 3D to 2D before comparing it to the radar
odometry estimates. This projection becomes less accurate as
the trajectory length increases. The KITTI odometry metric

– these continuous-time methods can be used as a sliding-window
filter and run in realtime
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STEAM sparsity

– the left-hand side in our linear system of equations has the form

HTW−1H =

[
F−TQ−1F−1 + GT

1 R−1G1 GT
1 R−1G2

GT
2 R−1G1 GT

2 R−1G2

]
(187)

– this preserves the usual SLAM arrowhead form

– the top-left block is block-tridiagonal
– the bottom-right block is block-diagonal

– a sparse Cholesky decomposition or Schur complement can be
used to solve the linear system efficiently
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STEAM interpolation

<latexit sha1_base64="60RtwxeDSIZewXaCZ2MxWHDTZhw="></latexit>

pose with
<latexit sha1_base64="lnzqEfCIypT/ZRzhPS8sR7BnXMw=">AAACE3icbZDLSgNBEEVrfMb4inHpZjAILiTMiPjYBdy4jGBUSELo6VRMY0/30F0jhiGf4dat/oM7cesH+At+hZ1J8H2h4XJvFV2cKJHCUhC8eVPTM7Nz84WF4uLS8spqaa18bnVqODa4ltpcRsyiFAobJEjiZWKQxZHEi+j6eNRf3KCxQqszGiTYjtmVEj3BGbmoUyq34kjfZqniaIgJRYNhp1QJqkEu/68JJ6ZSK0Cueqf03upqnsaoiEtmbTMMEmpnzJDgEofFVmoxYfyaXWHTWcVitO0sv33ob7mk6/e0cU+Rn6ffNzIWWzuIIzcZM+rb390o/K9rptQ7bGdCJSmh4uOPeqn0SfsjEH5XGOQkB84wboS71ed9Zhgnh6vYyhczpWkMqo+si2ZYdHDCLyZHTgd7E3MUfsI5362G+9XwdK9S2xlTggJswCZsQwgHUIMTqEMDONzCPTzAo3fnPXnP3st4dMqb7KzDD3mvH3dioAQ=</latexit>

uncertainty

<latexit sha1_base64="KmiHlJR713IjQnpmYiN04EssDNE="></latexit>

first pose fixed

<latexit sha1_base64="JfCt0MfCZYXvNRA88oy2HG4AAWw=">AAACE3icbZDJSgNBFEVfxynGKcalm8YguJDQLeKwC7hxGcFoIAmhuvKSFKmhqaoWQ5PPcOtW/8GduPUD/AW/wkonOF8ouNz3LvU4UcyZsUHw5uXm5hcWl/LLhZXVtfWN4mbpyqhEU6xTxZVuRMQgZxLrllmOjVgjERHH62h4Nplf36A2TMlLO4qxLUhfsh6jxLqoUyy1RKRuU4HEJBoFSjvuFMtBJcjk/zXhzJSrechU6xTfW11Fk0mZcmJMMwxi206JtoxyHBdaicGY0CHpY9NZSQSadprdPvZ3XdL1e0q7J62fpd8bKRHGjETkNgWxA/N7Ngn/mzUT2ztpp0zGiUVJpx/1Eu5b5U9A+F2mkVo+coZQzdytPh0QTah1uAqtrJhKZaegBki6qMcFByf8YnLqdHw4M6fhJ5yrg0p4VAkvDsvV/SklyMM27MAehHAMVTiHGtSBwi3cwwM8enfek/fsvUxXc96sswU/5L1+AF1Pn/Q=</latexit>

measurement

<latexit sha1_base64="NAI39WYiPY7xxmzqMt7oXYjvic0="></latexit>

landmark with
<latexit sha1_base64="lnzqEfCIypT/ZRzhPS8sR7BnXMw=">AAACE3icbZDLSgNBEEVrfMb4inHpZjAILiTMiPjYBdy4jGBUSELo6VRMY0/30F0jhiGf4dat/oM7cesH+At+hZ1J8H2h4XJvFV2cKJHCUhC8eVPTM7Nz84WF4uLS8spqaa18bnVqODa4ltpcRsyiFAobJEjiZWKQxZHEi+j6eNRf3KCxQqszGiTYjtmVEj3BGbmoUyq34kjfZqniaIgJRYNhp1QJqkEu/68JJ6ZSK0Cueqf03upqnsaoiEtmbTMMEmpnzJDgEofFVmoxYfyaXWHTWcVitO0sv33ob7mk6/e0cU+Rn6ffNzIWWzuIIzcZM+rb390o/K9rptQ7bGdCJSmh4uOPeqn0SfsjEH5XGOQkB84wboS71ed9Zhgnh6vYyhczpWkMqo+si2ZYdHDCLyZHTgd7E3MUfsI5362G+9XwdK9S2xlTggJswCZsQwgHUIMTqEMDONzCPTzAo3fnPXnP3st4dMqb7KzDD3mvH3dioAQ=</latexit>

uncertainty

<latexit sha1_base64="j6MZWwp6aKonnEGmVP9DOZNGaKY="></latexit>

zoom-in showing
<latexit sha1_base64="92Zvv+2vt8t1BHcns7VVgr8lLWM="></latexit>

interpolated poses
<latexit sha1_base64="sixFQcqCWdAjb9v5KgFiyAsG7Gs="></latexit>

with uncertainty

– we can still use GP interpolation after the main solve – see book
for details
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Continuum robot example
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x<latexit sha1_base64="17n4sV3Vl8nWZe90jxlsRbM8cxs=">AAACAHicbVDLSsNAFL2pr1pfVZdugkVwVZJSrN0V3LhswT6gDWUyvW2HTiZhZiKE0I1bt/oP7sStf+Iv+BVO0+L7wMDhnHu4d44fcaa047xZubX1jc2t/HZhZ3dv/6B4eNRRYSwptmnIQ9nziULOBLY10xx7kUQS+By7/uxq4XdvUSoWihudROgFZCLYmFGijdRKhsWSU3Yy2H+JuyKlRh4yNIfF98EopHGAQlNOlOq7TqS9lEjNKMd5YRArjAidkQn2DRUkQOWl2aFz+8woI3scSvOEtjP1eyIlgVJJ4JvJgOip+u0txP+8fqzHl17KRBRrFHS5aBxzW4f24tf2iEmkmieGECqZudWmUyIJ1aabwiALpiLUWSvDKZIRynnBlON+dVI3qFVXpO5+ltOplN2LstuqlhqVZUuQhxM4hXNwoQYNuIYmtIECwj08wKN1Zz1Zz9bLcjRnrTLH8APW6weQrZfo</latexit>

y

<latexit sha1_base64="RWiJ0SUu4YTBulhGYXhssSs7LI4=">AAACAHicbVDLSsNAFL3xWeur6tJNsAiuSlKKtbuCG5ct2Ae0oUymN+3QySTMTIQaunHrVv/Bnbj1T/wFv8JpWnwfGDiccw/3zvFjzpR2nDdrZXVtfWMzt5Xf3tnd2y8cHLZVlEiKLRrxSHZ9opAzgS3NNMduLJGEPseOP7mc+50blIpF4lpPY/RCMhIsYJRoIzVvB4WiU3Iy2H+JuyTFeg4yNAaF9/4wokmIQlNOlOq5Tqy9lEjNKMdZvp8ojAmdkBH2DBUkROWl2aEz+9QoQzuIpHlC25n6PZGSUKlp6JvJkOix+u3Nxf+8XqKDCy9lIk40CrpYFCTc1pE9/7U9ZBKp5lNDCJXM3GrTMZGEatNNvp8FUxHprJXBGMkQ5SxvynG/OqkZVCtLUnM/y2mXS+55yW1WivXyoiXIwTGcwBm4UIU6XEEDWkAB4R4e4NG6s56sZ+tlMbpiLTNH8APW6weSSZfp</latexit>

z

interpolated
states
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s = S

<latexit sha1_base64="X6Er3Ef0QQQCpuS4fokECxp30zA=">AAACAnicbVDLSsNAFL3xWeur6tJNsAgupCRSrF0IBTcuK9oHtKVMJjft0MkkzEyEErpz61b/wZ249Uf8Bb/CaVp8Hxg4nHMP987xYs6Udpw3a2FxaXllNbeWX9/Y3Nou7Ow2VZRIig0a8Ui2PaKQM4ENzTTHdiyRhB7Hlje6mPqtW5SKReJGj2PshWQgWMAo0Ua6VudOv1B0Sk4G+y9x56RYy0GGer/w3vUjmoQoNOVEqY7rxLqXEqkZ5TjJdxOFMaEjMsCOoYKEqHppdurEPjSKbweRNE9oO1O/J1ISKjUOPTMZEj1Uv72p+J/XSXRw1kuZiBONgs4WBQm3dWRP/237TCLVfGwIoZKZW206JJJQbdrJd7NgKiKd9dIfIvFRTvKmHPerk6pBpTwnVfeznOZJyT0tuVflYu141hLkYB8O4AhcqEANLqEODaAwgHt4gEfrznqynq2X2eiCNc/swQ9Yrx9/z5hd</latexit>

s = 0
root

tip

arclength
<latexit sha1_base64="EHBTRNR6tem4yW01l4wbcu+4MZM=">AAACAHicbVDLSsNAFL2pr1pfVZdugkVwISWRYu2u4MZlC/YBbSmTyU07dDIJMxOhhG7cutV/cCdu/RN/wa9wmhbfBwYO59zDvXO8mDOlHefNyq2srq1v5DcLW9s7u3vF/YO2ihJJsUUjHsmuRxRyJrClmebYjSWS0OPY8SZXc79zi1KxSNzoaYyDkIwECxgl2khNNSyWnLKTwf5L3CUp1fOQoTEsvvf9iCYhCk05UarnOrEepERqRjnOCv1EYUzohIywZ6ggIapBmh06s0+M4ttBJM0T2s7U74mUhEpNQ89MhkSP1W9vLv7n9RIdXA5SJuJEo6CLRUHCbR3Z81/bPpNINZ8aQqhk5labjokkVJtuCv0smIpIZ60Mx0h8lLOCKcf96qRmUK0sSc39LKd9XnYvym6zUqqfLVqCPBzBMZyCC1WowzU0oAUUEO7hAR6tO+vJerZeFqM5a5k5hB+wXj8AhTeX3A==</latexit>

s

<latexit sha1_base64="xetVuVz2z8hoj5wfHVmsPbYAy+M=">AAACEHicbZDJSgNBFEVfO8Y4JOrSTWMQFCR0izjsAm5cKpgYSIdQXXlJCmtoqqqF0OQn3LrVf3Anbv0Df8GvsNIJzhcKLve+Rz1OnHBmbBC8eTOzc/MLi4Wl4vLK6lqpvL7RMCrVFOtUcaWbMTHImcS6ZZZjM9FIRMzxOr45G/fXt6gNU/LKDhNsC9KXrMcosS7qlEuRiE0WKYF9Mto1e51yJagGufy/JpyaSq0AuS465feoq2gqUFrKiTGtMEhsOyPaMspxVIxSgwmhN6SPLWclEWjaWX74yN9xSdfvKe2etH6eft/IiDBmKGI3KYgdmN/dOPyva6W2d9LOmExSi5JOPuql3LfKH1Pwu0wjtXzoDKGauVt9OiCaUOtYFaN8MZPKTigNkHRRj4oOTvjF5NTp+HBqTsNPOI2DanhUDS8PK7X9CSUowBZswy6EcAw1OIcLqAOFFO7hAR69O+/Je/ZeJqMz3nRnE37Ie/0At/2d5Q==</latexit>
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– we can use these tools to estimate the shape of snake-like robots

– we simply replace time, t, with arclength, s
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Lecture Summary

– we can build useful motion priors starting from physically
motivated stochastic differential equations

– we then reframe estimation as Gaussian process regression

– still very efficient due to our particular motion priors / kernels –
O(K) for main solve, O(1) for a query – reason is the Markov
property

– ideas can be applied even when the state variables are members of
Lie groups

– ideas can be used within a SLAM setup – STEAM

– Lecture 4: Beyond MAP – Variational Inference
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Lecture Outline

Lecture 1: Linear-Gaussian Estimation

Lecture 2: Nonlinearities and Lie Groups
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Motivation

– we have primarily presented an MAP approach to state estimation,
and this certainly has its place

– but, is it possible to do better than that? can we be better
Bayesians?

– consider a one-dimensional example where we get a single disparity
measurement from a stereo camera:

y =
fb

x
+n, n ∼ N (0, R)

u

y = u� v =
fb

x v

x

f

b

disparity

depth

image plane

focal
length landmark

left pinhole

right pinhole

baseline

(188)

– if we have a prior on position, p(x) = N
(
x̌, P̌

)
, what is the

Bayesian posterior once we incorporate this measurement?
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Stereo camera example

– to perform Bayesian inference,

p(x|y) = p(y|x)p(x)∫∞
−∞ p(y|x)p(x) dx

(189)

we require expressions for p(y|x) and p(x)

p(y|x) = N
(
fb
x , R

)
= 1√

2πR
exp

(
− 1

2R

(
y − fb

x

)2
)
, p(x) = N

(
x̌, P̌

)
= 1√

2πP̌
exp

(
− 1

2P̌
(x− x̌)2

)

x̌ = 20 [m], P̌ = 9 [m2], f = 400 [pixel], b = 0.1 [m], R = 0.09 [pixel2], xtrue = 22 [m], ymeas = fb
xtrue

+ 1 [pixel]

– the Bayesian posterior then looks like this (computed numerically)
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p(x|y)
p(x)
xtrue

g
−1(ymeas )

142 / 166



Stereo camera example

– clearly the Bayesian posterior is not Gaussian

– the MAP solution will find the mode of the Bayesian posterior

x
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– is this what we want? we end up with a −33.0 cm average bias
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– we might prefer an algorithm that can estimate the mean of the
posterior if this is the metric we care about
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Variational inference

– we could try variational (Bayesian) inference

– find a (Gaussian) estimate, q(x), that is ‘closest’ to the Bayesian
posterior, p(x|z), in terms of the Kullback-Leibler divergence

<latexit sha1_base64="i8Ui3Gz6EDk7jUaur2PnX4YDpnM="></latexit>

KL(p||q) = �
Z 1

�1
p(x|z) ln

✓
q(x)

p(x|z)

◆
dx

= Ep [ln p(x|z)� ln q(x)]

<latexit sha1_base64="jcdQRIlCC46LfRLciCFj5tBlmmY="></latexit>

KL(q||p) = �
Z 1

�1
q(x) ln

✓
p(x|z)
q(x)

◆
dx

= Eq [ln q(x)� ln p(x|z)] ,

<latexit sha1_base64="FYE11Arp5zcN0zWZ4QQZJaOvnq0=">AAACFnicbZDLSgMxFIbPeK31VhVXboJFcVVmCt52RTcuFewF2qFk0tM2NJMMSUYsQ9/DrVt9B3fi1q2v4FM4nRZR6w+Bn/8/hxy+IBLcWNf9cObmFxaXlnMr+dW19Y3NwtZ2zahYM6wyJZRuBNSg4BKrlluBjUgjDQOB9WBwOe7rd6gNV/LWDiP0Q9qTvMsZtWnULuy2wkDdJxfc9FVEmmXXPfFH+Xah6JbcTGTWeFNTrOQg03W78NnqKBaHKC0T1Jim50bWT6i2nAkc5VuxwYiyAe1hM7WShmj8JDt/RA7SpEO6SqdPWpKlPzcSGhozDIN0MqS2b/524/C/rhnb7pmfcBnFFiWbfNSNBbGKjFmQDtfIrBimhjLN01sJ61NNmU2J5VvZYiKVnbDqI+2gnsI5H+v4G8WsqZVL3knJuykXK4cTSpCDPdiHI/DgFCpwBddQBQYJPMITPDsPzovz6rxNRuec6c4O/JLz/gXYDJ9J</latexit>

Bishop [2006]

<latexit sha1_base64="SnZ7PVsExUKB6Ro7YrI3rd2bNB4=">AAACF3icbZDLSgMxFIYz9V4vrQq6cBMUUVDKjOBtJ7hxqWBboS01k562obkMSUasY9/Bnbh1q+/gTty69BV8CtMLotYfAj//fw45fGHEmbG+/+GlRkbHxicmp9LTM7Nzmez8QsGoWFPIU8WVvgiJAc4k5C2zHC4iDUSEHIph67jbF69AG6bkuW1HUBGkIVmdUWJdVM0ulUWorpNLAURiA9BisrHRSVeza37O7wkPm2Bg1o6Wt/ZuMnf3p9XsZ7mmaCxAWsqJMaXAj2wlIdoyyqGTLscGIkJbpAElZyURYCpJ7/4OXndJDdeVdk9a3Et/biREGNMWoZsUxDbN364b/teVYls/qCRMRrEFSfsf1WOOrcJdGLjGNFDL284Qqpm7FdMm0YRahyxd7i0mUtk+rCaQGugBnMOudr9RDJvCTi7YywVnjtI26msSraBVtIkCtI+O0Ak6RXlE0S16RE/o2XvwXrxX760/mvIGO4vol7z3L/VLoqA=</latexit>

‘mean seeking’
<latexit sha1_base64="6DQKC7WipXCiB8iRd8jsoesGG7M=">AAACF3icbZDLSgMxFIYz3q2XVgVduAmKKChlRvC2K7hxWcGq0JaayZy2obkMSUasY9/Bnbh1q+/gTty69BV8CtML4u2HwM//n0MOXxhzZqzvv3tDwyOjY+MTk5mp6ZnZbG5u/tSoRFMoUcWVPg+JAc4klCyzHM5jDUSEHM7C1mG3P7sEbZiSJ7YdQ1WQhmR1Rol1US23WBGhukovhIoAG4AWk431TqaWW/Xzfk/4rwkGZrWwtLl7nb29K9ZyH5VI0USAtJQTY8qBH9tqSrRllEMnU0kMxIS2SAPKzkoiwFTT3v0dvOaSCNeVdk9a3Eu/b6REGNMWoZsUxDbN764b/teVE1vfr6ZMxokFSfsf1ROOrcJdGDhiGqjlbWcI1czdimmTaEKtQ5ap9BZTqWwfVhNIBHoA56CrnS8Uf83pdj7YzQfHjtIW6msCLaMVtIECtIcK6AgVUQlRdIMe0CN68u69Z+/Fe+2PDnmDnQX0Q97bJ/v+oqQ=</latexit>

‘mode seeking’

– we pick the KL divergence on the right since easier to compute
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Gaussian variational inference

– we assume our estimate is Gaussian

q(x) = N (µ,Σ) =
1√

(2π)N |Σ|
exp

(
−1

2
(x− µ)TΣ−1(x− µ)

)

(190)

– our chosen KL divergence then simplifies to

KL(q||p) = Eq[− ln p(x, z)]− 1

2
ln
(
(2πe)N |Σ|

)
︸ ︷︷ ︸

entropy

+ ln p(z)︸ ︷︷ ︸
constant

(191)

– dropping the constant term and defining φ(x) = − ln p(x, z) we
can define a functional as

V (q) = Eq[φ(x)] +
1

2
ln
(
|Σ−1|

)
(192)
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Gaussian variational inference

– our functional is

V (q) = Eq[φ(x)] +
1

2
ln
(
|Σ−1|

)
(193)

– the derivatives with respect to the unknown mean, µ, and inverse
covariance, Σ−1, are

∂V (q)

∂µT
= Σ−1Eq[(x− µ)φ(x)]

∂2V (q)

∂µT∂µ
= Σ−1Eq[(x− µ)(x− µ)Tφ(x)]Σ−1 −Σ−1Eq[φ(x)]

∂V (q)

∂Σ−1 = −1

2
Eq[(x− µ)(x− µ)Tφ(x)] +

1

2
ΣEq[φ(x)] +

1

2
Σ
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Gaussian variational inference

– with these derivatives we can approximate the functional as

V
(
q(i+1)

)
≈ V

(
q(i)
)

+

(
∂V (q)
∂µT

∣∣∣
q(i)

)T
δµ+ 1

2δµ
T

(
∂2V (q)
∂µT ∂µ

∣∣∣
q(i)

)
δµ+ tr

(
∂V (q)

∂Σ−1

∣∣∣
q(i)

δΣ−1

)

(195)

which we now want to iteratively minimize with respect to
δµ = µ(i+1) − µ(i) and δΣ−1 =

(
Σ−1

)(i+1) −
(
Σ−1

)(i)

– clearly we want δµ to be the solution to

(
∂2V (q)

∂µT∂µ

∣∣∣∣
q(i)

)

︸ ︷︷ ︸
(Σ−1)

(i+1)

δµ = −
(
∂V (q)
∂µT

∣∣∣
q(i)

)
(196)

– the indicated inverse-covariance update results from setting ∂V (q)

∂Σ−1

to zero and noticing the equivalence

∂2V (q)
∂µT ∂µ

= Σ−1 − 2Σ−1 ∂V (q)

∂Σ−1 Σ−1 (197)
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Natural gradient descent interpretation

– it turns out this update scheme is equivalent to natural gradient
descent

δα = −I−1
α

∂V (q)

∂αT
(198)

where

α =

[
µ

vec
(
Σ−1

)
]
, δα =

[
δµ

vec
(
δΣ−1

)
]
, ∂V (q)

∂αT
=




∂V (q)
∂µT

vec
(
∂V (q)

∂Σ−1

)

 , Iα =

[
Σ−1 0

0 1
2 (Σ⊗Σ)

]

– importantly, Iα is the Fisher information matrix for the variational
parameter, α

– NGD is essentially a quasi-Newton method that uses the FIM as
an approximation of the Hessian
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Stein’s lemma to the rescue

– we can then employ Stein’s lemma

Eq[(x− µ)φ(x)] = ΣEq

[
∂φ(x)

∂xT

]
(199)

to clean up the update further so that it becomes

(
Σ−1

)(i+1)
= Eq(i)

[
∂2

∂xT ∂x
φ(x)

]
(200a)

(
Σ−1

)(i+1)
δµ = −Eq(i)

[
∂
∂xT

φ(x)
]

(200b)

µ(i+1) = µ(i) + δµ (200c)

where i is the iteration index

– this looks just like an MAP update via Newton’s method – but
now we have expectations wrapping the derivatives of φ(x)
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Stereo camera example

– if we return to our stereo camera example, we can compare the
performance of MAP and GVI

<latexit sha1_base64="0PmoxDIEDXmIyNjsdmcNSsGGVXY=">AAACA3icbVDLSsNAFL2pr1pfVZdugkWom5KUYu2u4MZlBfuAtpTJ9LYdOpnEmYlQQpdu3eo/uBO3foi/4Fc4SYvvAwOHc+7h3jleyJnSjvNmZVZW19Y3spu5re2d3b38/kFLBZGk2KQBD2THIwo5E9jUTHPshBKJ73Fse9OLxG/folQsENd6FmLfJ2PBRowSnUit4s3pIF9wSk4K+y9xl6RQz0KKxiD/3hsGNPJRaMqJUl3XCXU/JlIzynGe60UKQ0KnZIxdQwXxUfXj9Na5fWKUoT0KpHlC26n6PRETX6mZ75lJn+iJ+u0l4n9eN9Kj837MRBhpFHSxaBRxWwd28nF7yCRSzWeGECqZudWmEyIJ1aaeXC8NxiLQaTGDCZIhynnOlON+dVIzqFaWpOZ+ltMql9yzkntVKdTLi5YgC0dwDEVwoQp1uIQGNIHCBO7hAR6tO+vJerZeFqMZa5k5hB+wXj8AAWyYpQ==</latexit>

V (q)
<latexit sha1_base64="0PmoxDIEDXmIyNjsdmcNSsGGVXY=">AAACA3icbVDLSsNAFL2pr1pfVZdugkWom5KUYu2u4MZlBfuAtpTJ9LYdOpnEmYlQQpdu3eo/uBO3foi/4Fc4SYvvAwOHc+7h3jleyJnSjvNmZVZW19Y3spu5re2d3b38/kFLBZGk2KQBD2THIwo5E9jUTHPshBKJ73Fse9OLxG/folQsENd6FmLfJ2PBRowSnUit4s3pIF9wSk4K+y9xl6RQz0KKxiD/3hsGNPJRaMqJUl3XCXU/JlIzynGe60UKQ0KnZIxdQwXxUfXj9Na5fWKUoT0KpHlC26n6PRETX6mZ75lJn+iJ+u0l4n9eN9Kj837MRBhpFHSxaBRxWwd28nF7yCRSzWeGECqZudWmEyIJ1aaeXC8NxiLQaTGDCZIhynnOlON+dVIzqFaWpOZ+ltMql9yzkntVKdTLi5YgC0dwDEVwoQp1uIQGNIHCBO7hAR6tO+vJerZeFqMZa5k5hB+wXj8AAWyYpQ==</latexit>

V (q)

<latexit sha1_base64="L0tE/UohlmenF/bPV3QxUd9sH3c=">AAACCXicbVDLSgMxFL3js9ZX1aWbwSK4KjNFrO4qbtwIFawtdkrJpLdtMJMMSUYsQ7/ArVv9B3fi1q/wF/wK02nxfSBwOOce7s0JY8608bw3Z2Z2bn5hMbeUX15ZXVsvbGxeapkoinUquVTNkGjkTGDdMMOxGSskUcixEV6fjP3GDSrNpLgwwxjbEekL1mOUGCtdBVEob9Oz49qoUyh6JS+D+5f4U1Ks5iBDrVN4D7qSJhEKQznRuuV7sWmnRBlGOY7yQaIxJvSa9LFlqSAR6naaXTxyd63SdXtS2SeMm6nfEymJtB5GoZ2MiBno395Y/M9rJaZ32E6ZiBODgk4W9RLuGumOv+92mUJq+NASQhWzt7p0QBShxpaUD7JgKqTJ6ukMkHRRjfK2HP+rkyOLyv6UHPmf5VyWS/5ByT/fL1bLk5YgB9uwA3vgQwWqcAo1qAMFAffwAI/OnfPkPDsvk9EZZ5rZgh9wXj8AdsebsQ==</latexit>

MAP
<latexit sha1_base64="OU+lZ9tr+bz+mawkAKCdIlxLKTc=">AAACCXicbVDLSgMxFL3js9ZX1aWbwSK4KjMi1u4KLtRdBfvATimZ9NYGM8mQZMQy9AvcutV/cCdu/Qp/wa8wnRbfBwKHc+7h3pww5kwbz3tzZmbn5hcWc0v55ZXVtfXCxmZDy0RRrFPJpWqFRCNnAuuGGY6tWCGJQo7N8Pp47DdvUGkmxYUZxtiJyJVgfUaJsdJlEIXyNj1pnI26haJX8jK4f4k/JcVqDjLUuoX3oCdpEqEwlBOt274Xm05KlGGU4ygfJBpjQq/JFbYtFSRC3Umzi0furlV6bl8q+4RxM/V7IiWR1sMotJMRMQP92xuL/3ntxPSPOikTcWJQ0MmifsJdI93x990eU0gNH1pCqGL2VpcOiCLU2JLyQRZMhTRZPd0Bkh6qUd6W4391UrEoH0xJxf8sp7Ff8g9L/vlBsbo/aQlysA07sAc+lKEKp1CDOlAQcA8P8OjcOU/Os/MyGZ1xppkt+AHn9QODuJu5</latexit>

GVI

<latexit sha1_base64="DGHGcKjE26/AJnt+z5SDbFmqTvA=">AAACC3icbZDLSgMxFIbP1Futt6pLN4NFcCFlRkTtruDGZQV7gU4pmfS0Dc0kQ5IRy9BHcOtW38GduPUhfAWfwnRavP8Q+Pn/c8jhC2POtPG8Nye3sLi0vJJfLaytb2xuFbd3GlomimKdSi5VKyQaORNYN8xwbMUKSRRybIaji2nfvEGlmRTXZhxjJyIDwfqMEmOjIIhCeZvGikk16RZLXtnL5P41/tyUqnnIVOsW34OepEmEwlBOtG77Xmw6KVGGUY6TQpBojAkdkQG2rRUkQt1Js5sn7oFNem5fKvuEcbP0+0ZKIq3HUWgnI2KG+nc3Df/r2onpn3dSJuLEoKCzj/oJd410pwDcHlNIDR9bQ6hi9laXDoki1FhMhSBbTIU0GaDuEEkP1aRg4fhfTCpWZydzU/E/4TSOy/5p2b86KVWPZpQgD3uwD4fgwxlU4RJqUAcKMdzDAzw6d86T8+y8zEZzznxnF37Ief0A4qGdDQ==</latexit>

prior
<latexit sha1_base64="DGHGcKjE26/AJnt+z5SDbFmqTvA=">AAACC3icbZDLSgMxFIbP1Futt6pLN4NFcCFlRkTtruDGZQV7gU4pmfS0Dc0kQ5IRy9BHcOtW38GduPUhfAWfwnRavP8Q+Pn/c8jhC2POtPG8Nye3sLi0vJJfLaytb2xuFbd3GlomimKdSi5VKyQaORNYN8xwbMUKSRRybIaji2nfvEGlmRTXZhxjJyIDwfqMEmOjIIhCeZvGikk16RZLXtnL5P41/tyUqnnIVOsW34OepEmEwlBOtG77Xmw6KVGGUY6TQpBojAkdkQG2rRUkQt1Js5sn7oFNem5fKvuEcbP0+0ZKIq3HUWgnI2KG+nc3Df/r2onpn3dSJuLEoKCzj/oJd410pwDcHlNIDR9bQ6hi9laXDoki1FhMhSBbTIU0GaDuEEkP1aRg4fhfTCpWZydzU/E/4TSOy/5p2b86KVWPZpQgD3uwD4fgwxlU4RJqUAcKMdzDAzw6d86T8+y8zEZzznxnF37Ief0A4qGdDQ==</latexit>

prior<latexit sha1_base64="Zxk4hyOAnAZs1+0lvlNCzLkVh+8=">AAACEXicbZDLSgMxFIbPeK31NurSzWARXEiZkWLtruDGZQV7gbaUTHpqg5lkSDLFMvQp3LrVd3Anbn0CX8GnMJ0W7z8Efv5zyeELY8608f03Z2FxaXllNbeWX9/Y3Np2d3YbWiaKYp1KLlUrJBo5E1g3zHBsxQpJFHJshjfn03pzhEozKa7MOMZuRK4FGzBKjI16rtuJQnmbxlIbVEyqSc8t+EU/k/fXBHNTqOYgU63nvnf6kiYRCkM50bod+LHppkQZRjlO8p1EY0zoDbnGtrWCRKi7aXb5xDu0Sd8bSGWfMF6Wfp9ISaT1OAptZ0TMUP+uTcP/au3EDM66KRNxYlDQ2UeDhHtGelMMXp8ppIaPrSFUMXurR4dEEWox2E3ZYCqkmWEaIumjmuQtnOCLScWqXJqbSvAJp3FSDE6LwWWpUD2eUYIc7MMBHEEAZajCBdSgDhRGcA8P8OjcOU/Os/Mya11w5jN78EPO6wfSI58h</latexit>

posterior
<latexit sha1_base64="Zxk4hyOAnAZs1+0lvlNCzLkVh+8=">AAACEXicbZDLSgMxFIbPeK31NurSzWARXEiZkWLtruDGZQV7gbaUTHpqg5lkSDLFMvQp3LrVd3Anbn0CX8GnMJ0W7z8Efv5zyeELY8608f03Z2FxaXllNbeWX9/Y3Np2d3YbWiaKYp1KLlUrJBo5E1g3zHBsxQpJFHJshjfn03pzhEozKa7MOMZuRK4FGzBKjI16rtuJQnmbxlIbVEyqSc8t+EU/k/fXBHNTqOYgU63nvnf6kiYRCkM50bod+LHppkQZRjlO8p1EY0zoDbnGtrWCRKi7aXb5xDu0Sd8bSGWfMF6Wfp9ISaT1OAptZ0TMUP+uTcP/au3EDM66KRNxYlDQ2UeDhHtGelMMXp8ppIaPrSFUMXurR4dEEWox2E3ZYCqkmWEaIumjmuQtnOCLScWqXJqbSvAJp3FSDE6LwWWpUD2eUYIc7MMBHEEAZajCBdSgDhRGcA8P8OjcOU/Os/Mya11w5jN78EPO6wfSI58h</latexit>

posterior

– MAP approximates the expectations, Eq[·], only at the mean and
as a result does not get to the minimum of V (q)

150 / 166



Stereo camera example

– we can see that GVI also converges to a point where its mean
looks closer to the mean of the true posterior
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Stereo camera example

– histogram of the errors over many trials shows GVI has an average
error of 0.28 cm whereas MAP was −33.0 cm
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– GVI seems to help remove the bias in this controlled example
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Can we scale up?

– there are some expectations in our update scheme that look
computationally expensive

Eq[φ(x)]︸ ︷︷ ︸
scalar

, Eq

[
∂

∂xT
φ(x)

]

︸ ︷︷ ︸
column

, Eq

[
∂2

∂xT∂x
φ(x)

]

︸ ︷︷ ︸
matrix

(201)

– however, if we assume there is some sparsity (in the usual factor
graph way) then our negative log-likelihood decomposes as

φ(x) =
∑K

k=1 φk(xk) (202)

<latexit sha1_base64="AUONDSWo7R/CzOmfzUV/4i4rbe4=">AAACCHicbVDLSsNAFL3xWeur6tJNsAgupCTic1dw47KCfUhbwmRy0w6dmYSZiVhCf8CtW/0Hd+LWv/AX/ArTtIhaDwwczrmHe+f4MWfaOM6HNTe/sLi0XFgprq6tb2yWtrYbOkoUxTqNeKRaPtHImcS6YYZjK1ZIhM+x6Q8ux37zDpVmkbwxwxi7gvQkCxklJpNuO8IP0/uR53ilslNxctizxJ2ScrUAOWpe6bMTRDQRKA3lROu268SmmxJlGOU4KnYSjTGhA9LDdkYlEai7aX7wyN7PlMAOI5U9aexc/ZlIidB6KPxsUhDT13+9sfif105MeN5NmYwTg5JOFoUJt01kj39vB0whNXyYEUIVy261aZ8oQk3WUbGTB1MZmbwdr48kQDUq5uVcjHHyXcUsaRxV3NOKe31crh5OWoIC7MIeHIALZ1CFK6hBHSgIeIQneLYerBfr1XqbjM5Z08wO/IL1/gWwaZsf</latexit>

x0
<latexit sha1_base64="meHC0bl6uKGOxi62RbABToGhpCg=">AAACCHicbVDLSsNAFL3xWeur6tJNsAgupCTic1dw47KCfUhbwmRy0w6dmYSZiVhCf8CtW/0Hd+LWv/AX/ArTtIhaDwwczrmHe+f4MWfaOM6HNTe/sLi0XFgprq6tb2yWtrYbOkoUxTqNeKRaPtHImcS6YYZjK1ZIhM+x6Q8ux37zDpVmkbwxwxi7gvQkCxklJpNuO8IP0/uR53qlslNxctizxJ2ScrUAOWpe6bMTRDQRKA3lROu268SmmxJlGOU4KnYSjTGhA9LDdkYlEai7aX7wyN7PlMAOI5U9aexc/ZlIidB6KPxsUhDT13+9sfif105MeN5NmYwTg5JOFoUJt01kj39vB0whNXyYEUIVy261aZ8oQk3WUbGTB1MZmbwdr48kQDUq5uVcjHHyXcUsaRxV3NOKe31crh5OWoIC7MIeHIALZ1CFK6hBHSgIeIQneLYerBfr1XqbjM5Z08wO/IL1/gWyBZsg</latexit>

x1
<latexit sha1_base64="zbSbe0NxlHQxbeEvgkP8C6c59Y8=">AAACCHicbVDLSsNAFL2pr1pfVZdugkVwISUpPncFNy4r2Ie0pUymN+3QmUmYmYgl5AfcutV/cCdu/Qt/wa8wTYuo9cDA4Zx7uHeOF3KmjeN8WLmFxaXllfxqYW19Y3OruL3T0EGkKNZpwAPV8ohGziTWDTMcW6FCIjyOTW90OfGbd6g0C+SNGYfYFWQgmc8oMal02xGeH98nvUqvWHLKTgZ7nrgzUqrmIUOtV/zs9AMaCZSGcqJ123VC042JMoxyTAqdSGNI6IgMsJ1SSQTqbpwdnNgHqdK3/UClTxo7U38mYiK0HgsvnRTEDPVfbyL+57Uj4593YybDyKCk00V+xG0T2JPf232mkBo+TgmhiqW32nRIFKEm7ajQyYKxDEzWTm+IpI8qKWTlXExw8l3FPGlUyu5p2b0+LlWPpi1BHvZgHw7BhTOowhXUoA4UBDzCEzxbD9aL9Wq9TUdz1iyzC79gvX8Bs6GbIQ==</latexit>

x2
<latexit sha1_base64="6Qdm7IphlnaGt52gTTZ13fQmJEI=">AAACCHicbVDLSsNAFL2pr1pfVZdugkVwISURn7uCG8FNBfuQtpTJ9KYdOjMJMxOxhPyAW7f6D+7ErX/hL/gVpmkRtR4YOJxzD/fO8ULOtHGcDys3N7+wuJRfLqysrq1vFDe36jqIFMUaDXigmh7RyJnEmmGGYzNUSITHseENL8Z+4w6VZoG8MaMQO4L0JfMZJSaVbtvC8+P7pHvVLZacspPBniXulJQqechQ7RY/272ARgKloZxo3XKd0HRiogyjHJNCO9IYEjokfWylVBKBuhNnByf2Xqr0bD9Q6ZPGztSfiZgIrUfCSycFMQP91xuL/3mtyPhnnZjJMDIo6WSRH3HbBPb493aPKaSGj1JCqGLprTYdEEWoSTsqtLNgLAOTtdMdIOmhSgpZOedjHH9XMUvqh2X3pOxeH5UqB5OWIA87sAv74MIpVOASqlADCgIe4QmerQfrxXq13iajOWua2YZfsN6/ANvdmzo=</latexit>

xK
<latexit sha1_base64="Opd76SGoZvPhNlA+axtZTLtFA5I=">AAACDHicbZDLSsNAFIZPvNZ6q7p0EyyCCy2JeN0V3AhuKtgLtKFMpift0MkkzkzEEvIKbt3qO7gTt76Dr+BTmKRF1PrDwM//n8McPjfkTGnL+jBmZufmFxYLS8XlldW19dLGZkMFkaRYpwEPZMslCjkTWNdMc2yFEonvcmy6w4usb96hVCwQN3oUouOTvmAeo0SnkdPxXS++T7rx1YGddEtlq2LlMqeNPTHlagFy1bqlz04voJGPQlNOlGrbVqidmEjNKMek2IkUhoQOSR/bqRXER+XE+dGJuZsmPdMLZPqENvP050ZMfKVGvptO+kQP1N8uC//r2pH2zpyYiTDSKOj4Iy/ipg7MjIDZYxKp5qPUECpZeqtJB0QSqlNOxU6+GItA54S6AyQ9lEkxh3Oe6fgbxbRpHFbsk4p9fVSu7o8pQQG2YQf2wIZTqMIl1KAOFG7hEZ7g2XgwXoxX4208OmNMdrbgl4z3L6eGnLg=</latexit>

xK�1

<latexit sha1_base64="UH3vj1Izhjv1oapdyDJAA5jNqIU=">AAACBXicbVDLSsNAFJ3UV62PVl24cBMsgqCURLDqruDGZQX7gKaUyfSmGTuZhJmJUEPXbrsT/Qd34tbv8Bf8CidpEbUeGDiccw/3znEjRqWyrA8jt7C4tLySXy2srW9sFktb200ZxoJAg4QsFG0XS2CUQ0NRxaAdCcCBy6DlDi9Tv3UHQtKQ36hRBN0ADzj1KMFKS00n8mnP6pXKVsXKYM4Te0bKtd2j6n1x8ljvlT6dfkjiALgiDEvZsa1IdRMsFCUMxgUnlhBhMsQD6GjKcQCym2TXjs0DrfRNLxT6cWVm6s9EggMpR4GrJwOsfPnXS8X/vE6svPNuQnkUK+BkusiLmalCM/262acCiGIjTTARVN9qEh8LTJQuqOBkwYSHKqum5wPugxgXsnIuUpx+VzFPmicVu1qxr3VLx2iKPNpD++gQ2egM1dAVqqMGIugWTdATejYejBfj1XibjuaMWWYH/YLx/gUGGJu5</latexit>

�0

<latexit sha1_base64="7bDCe9q3us1TNIKCrJGKOXOJTGc=">AAACBXicbVDLSsNAFJ3UV62PVl24cBMsgqCURLDqruDGZQX7gKaUyfSmGTuZhJmJUEPXbrsT/Qd34tbv8Bf8CidpEbUeGDiccw/3znEjRqWyrA8jt7C4tLySXy2srW9sFktb200ZxoJAg4QsFG0XS2CUQ0NRxaAdCcCBy6DlDi9Tv3UHQtKQ36hRBN0ADzj1KMFKS00n8mnP7pXKVsXKYM4Te0bKtd2j6n1x8ljvlT6dfkjiALgiDEvZsa1IdRMsFCUMxgUnlhBhMsQD6GjKcQCym2TXjs0DrfRNLxT6cWVm6s9EggMpR4GrJwOsfPnXS8X/vE6svPNuQnkUK+BkusiLmalCM/262acCiGIjTTARVN9qEh8LTJQuqOBkwYSHKqum5wPugxgXsnIuUpx+VzFPmicVu1qxr3VLx2iKPNpD++gQ2egM1dAVqqMGIugWTdATejYejBfj1XibjuaMWWYH/YLx/gUHtJu6</latexit>

�1

<latexit sha1_base64="YV/xJ04wsPGOZu3hjgpCi3nB7kE=">AAACBXicbVDLSsNAFJ34rPXRqgsXboJFEJSSFKy6K7hxWcE+oC1hMrlpx04mYWYi1NC12+5E/8GduPU7/AW/wklaRK0HBg7n3MO9c9yIUaks68NYWFxaXlnNreXXNza3CsXtnaYMY0GgQUIWiraLJTDKoaGoYtCOBODAZdByh5ep37oDIWnIb9Qogl6A+5z6lGClpWY3GlCn4hRLVtnKYM4Te0ZKtb3j6n1h8lh3ip9dLyRxAFwRhqXs2FakegkWihIG43w3lhBhMsR96GjKcQCyl2TXjs1DrXimHwr9uDIz9WciwYGUo8DVkwFWA/nXS8X/vE6s/PNeQnkUK+BkusiPmalCM/266VEBRLGRJpgIqm81yQALTJQuKN/NggkPVVaNMwDsgRjns3IuUpx+VzFPmpWyXS3b17qlEzRFDu2jA3SEbHSGaugK1VEDEXSLJugJPRsPxovxarxNRxeMWWYX/YLx/gUJUJu7</latexit>

�2

<latexit sha1_base64="PSDqa7Wyb38GCDxs18VMeQjLZNU=">AAACBXicbVDLSsNAFJ34rPXRqgsXboJFEJSSCFbdFdwIbirYB7QlTCY3zdjJJMxMhBq6dtud6D+4E7d+h7/gVzhNi6j1wMDhnHu4d44bMyqVZX0Yc/MLi0vLuZX86tr6RqG4udWQUSII1EnEItFysQRGOdQVVQxasQAcugyabv9i7DfvQEga8Rs1iKEb4h6nPiVYaanRiQPqXDnFklW2MpizxJ6SUnXnsHJfGD3WnOJnx4tIEgJXhGEp27YVq26KhaKEwTDfSSTEmPRxD9qachyC7KbZtUNzXyue6UdCP67MTP2ZSHEo5SB09WSIVSD/emPxP6+dKP+sm1IeJwo4mSzyE2aqyBx/3fSoAKLYQBNMBNW3miTAAhOlC8p3smDKI5VV4wSAPRDDfFbO+Rgn31XMksZx2a6U7Wvd0hGaIId20R46QDY6RVV0iWqojgi6RSP0hJ6NB+PFeDXeJqNzxjSzjX7BeP8CMYyb1A==</latexit>

�K

<latexit sha1_base64="OxoliL+EeZJ3ua/pKB1lw2sxgBc=">AAACCHicbVDLSsNAFJ3UV42PVl24cBMsgqCURLDqruBGcFPBPqQNYTK9bYdOJmFmUqihP+BKcOFG/8GduPUv/AW/wmlaRK0HBg7n3MO9c/yIUals+8PIzM0vLC5ll82V1bX1XH5jsybDWBCokpCFouFjCYxyqCqqGDQiATjwGdT9/vnYrw9ASBryazWMwA1wl9MOJVhp6aY1wCLqUe/Syxfsop3CmiXOlBTK2wel29z9Y8XLf7baIYkD4IowLGXTsSPlJlgoShiMzFYsIcKkj7vQ1JTjAKSbpAePrD2ttK1OKPTjykrVn4kEB1IOA19PBlj15F9vLP7nNWPVOXUTyqNYASeTRZ2YWSq0xr+32lQAUWyoCSaC6lst0sMCE6U7MltpMOGhStvxeoDbIEZmWs7ZGMffVcyS2lHRKRWdK93SIZogi3bQLtpHDjpBZXSBKqiKCArQA3pCz8ad8WK8Gm+T0YwxzWyhXzDevwC7DJ07</latexit>

'K
<latexit sha1_base64="SOVU5Yrpdk/CYSy1EdRR8uF2pPc=">AAACDHicbZA7SwNBFIVn4yvGV9RKbBaDYKFhV/DVBWwEmwjmAcmyzM7eZIfMzq4zs4GwpLeytdX/oJXY+h+s7ez8B042QXwdGDiccy9z+byYUaks69XITU3PzM7l5wsLi0vLK8XVtbqMEkGgRiIWiaaHJTDKoaaoYtCMBeDQY9DweqejvtEHIWnEL9UgBifEXU47lGClI6fdxyIOqJue79lDt1iyylYm86+xJ6ZU2Wg+Xr8FH1W3+N72I5KEwBVhWMqWbcXKSbFQlDAYFtqJhBiTHu5CS1uOQ5BOmh09NLd14pudSOjHlZml3zdSHEo5CD09GWIVyN/dKPyvayWqc+yklMeJAk7GH3USZqrIHBEwfSqAKDbQBhNB9a0mCbDARGlOhXa2mPJIZYTcALAPYljI4JyMdPCF4q+p75ftw7J9oSntorHyaBNtoR1koyNUQWeoimqIoCt0i+7QvXFjPBhPxvN4NGdMdtbRDxkvnwyjoHs=</latexit>

'K�1
<latexit sha1_base64="32/xCitDlwDe8Y+AfB5JJ4zkrCA=">AAACCnicbVDLSgMxFM3UVx0frbpw4WawCIJSZgpW3RXcuKxgH9AOJZPetqGZZEgyhTr0D1y4EXf6D+7ErT/hL/gVptMivg4EDufcw705QcSo0q77bmUWFpeWV7Kr9tr6xmYuv7VdVyKWBGpEMCGbAVbAKIeapppBM5KAw4BBIxheTP3GCKSigl/rcQR+iPuc9ijB2kit9gjLaEA7SWnSyRfcopvC+Uu8OSlUdo/KN7m7h2on/9HuChKHwDVhWKmW50baT7DUlDCY2O1YQYTJEPehZSjHISg/SU+eOAdG6To9Ic3j2knV74kEh0qNw8BMhlgP1G9vKv7ntWLdO/MTyqNYAyezRb2YOVo40/87XSqBaDY2BBNJza0OGWCJiTYt2e00mHCh0346A8BdkBM7Led8ipOvKv6SeqnolYvelWnpGM2QRXtoHx0iD52iCrpEVVRDBAl0jx7Rk3VrPVsv1utsNGPNMzvoB6y3T3Pani4=</latexit>

'2
<latexit sha1_base64="bJk9l03dZpqf0l2Xk5Weg7xwn2U=">AAACCnicbVDLSgMxFM3UVx0frbpw4WawCIJSZgSr7gpuXFawD2iHkklv29BMMiSZQh36By7ciDv9B3fi1p/wF/wK02kRtR4IHM65h3tzgohRpV33w8osLC4tr2RX7bX1jc1cfmu7pkQsCVSJYEI2AqyAUQ5VTTWDRiQBhwGDejC4nPj1IUhFBb/Rowj8EPc47VKCtZGarSGWUZ+2E2/czhfcopvCmSfejBTKu0el29z9Y6Wd/2x1BIlD4JowrFTTcyPtJ1hqShiM7VasIMJkgHvQNJTjEJSfpCePnQOjdJyukOZx7aTqz0SCQ6VGYWAmQ6z76q83Ef/zmrHunvsJ5VGsgZPpom7MHC2cyf+dDpVANBsZgomk5laH9LHERJuW7FYaTLjQaT/tPuAOyLGdlnMxwel3FfOkdlL0SkXv2rR0jKbIoj20jw6Rh85QGV2hCqoiggR6QE/o2bqzXqxX6206mrFmmR30C9b7F3I9ni0=</latexit>

'1
<latexit sha1_base64="IGiHNe6vyIWiYIXJ5Gpd9SqqABI=">AAACCnicbVDLSgMxFM3UVx0frbpw4WawCIJSZgSr7gpuXFawD2iHkklv29BMMiSZQh36By7ciDv9B3fi1p/wF/wK02kRtR4IHM65h3tzgohRpV33w8osLC4tr2RX7bX1jc1cfmu7pkQsCVSJYEI2AqyAUQ5VTTWDRiQBhwGDejC4nPj1IUhFBb/Rowj8EPc47VKCtZGarSGWUZ+2E3fczhfcopvCmSfejBTKu0el29z9Y6Wd/2x1BIlD4JowrFTTcyPtJ1hqShiM7VasIMJkgHvQNJTjEJSfpCePnQOjdJyukOZx7aTqz0SCQ6VGYWAmQ6z76q83Ef/zmrHunvsJ5VGsgZPpom7MHC2cyf+dDpVANBsZgomk5laH9LHERJuW7FYaTLjQaT/tPuAOyLGdlnMxwel3FfOkdlL0SkXv2rR0jKbIoj20jw6Rh85QGV2hCqoiggR6QE/o2bqzXqxX6206mrFmmR30C9b7F3Cgniw=</latexit>

'0
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Can we scale up?

– our negative log-likelihood decomposes as

φ(x) =
∑K

k=1 φk(xk) (203)

– inserting this we see for the first expectation that

Eq[φ(x)] = Eq

[∑K
k=1 φk(xk)

]
=
∑K

k=1Eq[φk(xk)] =
∑K

k=1Eqk [φk(xk)] (204)

where the expectations are now only over qk(xk) = N (µk,Σkk),
the marginal for the variables involved in φk(xk)

– similar simplifications occur for the other two expectations

Eq
[

∂
∂xT

φ(x)
]

=
∑K

k=1 PT
k Eqk

[
∂
∂xTk

φk(xk)
]

(205a)

Eq

[
∂2

∂xT ∂x
φ(x)

]
=
∑K

k=1 PT
k Eqk

[
∂2

∂xTk ∂xk
φk(xk)

]
Pk (205b)

where Pk is a selection matrix so that xk = Pkx
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Can we scale up?

– with this simplification of the expectations, we call our scheme
exactly sparse Gaussian variational inference (ESGVI) – we only
need to compute expectations over the marginals associated with
the variables in each factor

– this means that we only need the blocks of the covariance, Σ,
associated with the non-zero blocks of the inverse covariance, Σ−1

– Takahashi et al. [1973] shows how to compute a set of covariance
entries that is just what we need, plus some extra blocks that
come from fill-in – e.g., Cholesky decomposition Σ−1 = LLT

– finding a variable order that minimizes fill-in is known to be an
NP-hard problem in general

– we piggyback finding the required covariance entries onto the
usual MAP solve, so ESGVI has the same big-O complexity as
MAP, but the expectations still make it slower
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Fill-in

– typical fill-in ‘+’ in for our estimation problems – we efficiently
compute blocks of Σ where L is non-zero

basic sparsity constraint trajectory example SLAM example
(note fill in at (5, 3) in L) (6 robot poses) (3 poses, 3 landmarks)

Σ−1 =




∗ ∗ ∗
∗

∗ ∗
∗

∗ ∗
∗




Σ−1 =




∗ ∗
∗ ∗ ∗
∗ ∗ ∗
∗ ∗ ∗
∗ ∗ ∗
∗ ∗




Σ−1 =




∗ ∗ ∗ ∗ ∗
∗ ∗ ∗ ∗ ∗ ∗
∗ ∗ ∗ ∗ ∗

∗ ∗ ∗ ∗
∗ ∗ ∗ ∗
∗ ∗ ∗ ∗




L =




∗
∗

∗ ∗
∗

∗ + ∗
∗




L =




∗
∗ ∗
∗ ∗
∗ ∗
∗ ∗
∗ ∗




L =




∗
∗ ∗
∗ ∗

∗ ∗ ∗ ∗
∗ ∗ ∗ + ∗
∗ ∗ ∗ + + ∗




156 / 166



Derivative-free version

– we can also use Stein’s lemma (opposite direction) at the individual
factor level to compute all the small expectations derivative-free

e.g., Eqk

[
∂

∂xTk
φk(xk)

]
= Σ−1

kkEqk [(xk − µk)φk(xk)] (206)

– this means we can do batch state estimation without derivatives!
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Example: bearing-only SLAM

– we can find challenging estimation cases where GVI outperforms
MAP – the gains are usually small
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Ground-truth path
MAP GN path
ESGVI deriv-free M=4 path
Ground-truth landmark
MAP GN landmark
ESGVI deriv-free M=4 landmark
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Example: bearing-only SLAM

– we can find challenging estimation cases where GVI outperforms
MAP – the gains are usually small but measurable
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Parameter learning

– an added bonus of this framework is that we can also learn
parameters, θ

– the negative log-likelihood of our data (given the parameters) can
be written as

− ln(p(z|θ) =

∫ ∞

−∞
q(x) ln

(
p(x|z,θ)

q(x)

)
dx

︸ ︷︷ ︸
−KL(q||p)≤0

−
∫ ∞

−∞
q(x) ln

(
p(x, z|θ)

q(x)

)
dx

︸ ︷︷ ︸
V (q|θ)

(207)

– we can use expectation minimization [Neal and Hinton, 1998]:

– e-step: hold θ fixed, minimize V(q|θ) w.r.t. q
– m-step: hold q fixed, minimize V(q|θ) w.r.t. θ

– parameters can be anything – measurement covariances,
calibrations, network weights for measurement model
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Example: parameter learning

– we can do unsupervised parameter learning with our full
non-differentiable state estimator

e-step

• matched 
differentiably into 
keypoint pairs

Unsupervised Lidar Odometry

31

<latexit sha1_base64="u+qUedlmst2S0Q/D320hgUQaltA="></latexit>

{Tk,⌃k}
<latexit sha1_base64="cdxMWcHfzCqC6mD+IXq5bwBMz8s="></latexit>

{Tk+1,⌃k+1}
<latexit sha1_base64="Y/6NerzabjzHaG7lvEcB5xCuZ04="></latexit>

{Tk+2,⌃k+2}
<latexit sha1_base64="YARxsxjGUCH4nyKpgwCyeWrrYTI="></latexit>

{Tk+3,⌃k+3}

<latexit sha1_base64="liVrxYstCbcjTvwNGCcNE28RCsw=">AAACC3icbZDNSsNAFIVv6l+tf1WXboJFcFUSEWt3BV24rGBVaEqZTG/t0MkkzNwIJfQR3LrVd3Anbn0IX8GncJoW/w8MHM65l7l8YSKFIc97cwpz8wuLS8Xl0srq2vpGeXPr0sSp5tjisYz1dcgMSqGwRYIkXicaWRRKvAqHJ5P+6ha1EbG6oFGCnYjdKNEXnJGNgiAKTRbQAImNu+WKV/VyuX+NPzOVRhFyNbvl96AX8zRCRVwyY9q+l1AnY5oElzguBanBhPEhu8G2tYpFaDpZfvPY3bNJz+3H2j5Fbp5+38hYZMwoCu1kxGhgfneT8L+unVL/uJMJlaSEik8/6qfSpdidAHB7QiMnObKGcS3srS4fMM04WUylIF/MVEw5oO4AWQ/1uGTh+F9M6la1w5mp+59wLg+q/lHVPz+sNE6nlKAIO7AL++BDDRpwBk1oAYcE7uEBHp0758l5dl6mowVntrMNP+S8fgCfJZz3</latexit>

✓
<latexit sha1_base64="liVrxYstCbcjTvwNGCcNE28RCsw=">AAACC3icbZDNSsNAFIVv6l+tf1WXboJFcFUSEWt3BV24rGBVaEqZTG/t0MkkzNwIJfQR3LrVd3Anbn0IX8GncJoW/w8MHM65l7l8YSKFIc97cwpz8wuLS8Xl0srq2vpGeXPr0sSp5tjisYz1dcgMSqGwRYIkXicaWRRKvAqHJ5P+6ha1EbG6oFGCnYjdKNEXnJGNgiAKTRbQAImNu+WKV/VyuX+NPzOVRhFyNbvl96AX8zRCRVwyY9q+l1AnY5oElzguBanBhPEhu8G2tYpFaDpZfvPY3bNJz+3H2j5Fbp5+38hYZMwoCu1kxGhgfneT8L+unVL/uJMJlaSEik8/6qfSpdidAHB7QiMnObKGcS3srS4fMM04WUylIF/MVEw5oO4AWQ/1uGTh+F9M6la1w5mp+59wLg+q/lHVPz+sNE6nlKAIO7AL++BDDRpwBk1oAYcE7uEBHp0758l5dl6mowVntrMNP+S8fgCfJZz3</latexit>

✓
<latexit sha1_base64="liVrxYstCbcjTvwNGCcNE28RCsw=">AAACC3icbZDNSsNAFIVv6l+tf1WXboJFcFUSEWt3BV24rGBVaEqZTG/t0MkkzNwIJfQR3LrVd3Anbn0IX8GncJoW/w8MHM65l7l8YSKFIc97cwpz8wuLS8Xl0srq2vpGeXPr0sSp5tjisYz1dcgMSqGwRYIkXicaWRRKvAqHJ5P+6ha1EbG6oFGCnYjdKNEXnJGNgiAKTRbQAImNu+WKV/VyuX+NPzOVRhFyNbvl96AX8zRCRVwyY9q+l1AnY5oElzguBanBhPEhu8G2tYpFaDpZfvPY3bNJz+3H2j5Fbp5+38hYZMwoCu1kxGhgfneT8L+unVL/uJMJlaSEik8/6qfSpdidAHB7QiMnObKGcS3srS4fMM04WUylIF/MVEw5oO4AWQ/1uGTh+F9M6la1w5mp+59wLg+q/lHVPz+sNE6nlKAIO7AL++BDDRpwBk1oAYcE7uEBHp0758l5dl6mowVntrMNP+S8fgCfJZz3</latexit>

✓
<latexit sha1_base64="liVrxYstCbcjTvwNGCcNE28RCsw=">AAACC3icbZDNSsNAFIVv6l+tf1WXboJFcFUSEWt3BV24rGBVaEqZTG/t0MkkzNwIJfQR3LrVd3Anbn0IX8GncJoW/w8MHM65l7l8YSKFIc97cwpz8wuLS8Xl0srq2vpGeXPr0sSp5tjisYz1dcgMSqGwRYIkXicaWRRKvAqHJ5P+6ha1EbG6oFGCnYjdKNEXnJGNgiAKTRbQAImNu+WKV/VyuX+NPzOVRhFyNbvl96AX8zRCRVwyY9q+l1AnY5oElzguBanBhPEhu8G2tYpFaDpZfvPY3bNJz+3H2j5Fbp5+38hYZMwoCu1kxGhgfneT8L+unVL/uJMJlaSEik8/6qfSpdidAHB7QiMnObKGcS3srS4fMM04WUylIF/MVEw5oO4AWQ/1uGTh+F9M6la1w5mp+59wLg+q/lHVPz+sNE6nlKAIO7AL++BDDRpwBk1oAYcE7uEBHp0758l5dl6mowVntrMNP+S8fgCfJZz3</latexit>

✓

• forward pass of 
lidar scans 
through DNNs

mini batch of poses

m-step

• trajectory 
distribution held 
fixed

• backpropagate to 
update the 
network weights 
using standard 
deep learning 
tools

• output features + 
covariances

<latexit sha1_base64="6F53TRwGSLraYdaQHQi/XFod7xs=">AAACDXicbZDNSiNBFIVvq6MxOk7UpZvCILgK3SqjbiTgxmUEE4V0Jtyu3CRFqqqbqmohNHkGt271HdyJW5/BV/Ap7HQc8O9AweGce6nLFyVSWOf7L97c/MKvxaXScnll9ffan8r6RsvGqeHU5LGMzVWElqTQ1HTCSbpKDKGKJF1Go9Npf3lNxopYX7hxQh2FAy36gqPLo3+himwWDlApnHRH3UrVrx0cH/n7x+y7CWp+oWq9BIUa3cpr2It5qkg7LtHaduAnrpOhcYJLmpTD1FKCfIQDaudWoyLbyYqrJ2wnT3qsH5v8aceK9ONGhsrasYrySYVuaL920/Cnrp26/lEnEzpJHWk++6ifSuZiNkXAesIQd3KcG+RG5LcyPkSD3OWgymGxmOnYFYi6Q8IemUm5gDMjwL6b/3Bae7Xgby04P6jWT2aUoARbsA27EMAh1OEMGtAEDgZu4Q7uvRvvwXv0nmajc977ziZ8kvf8BonencE=</latexit>

�k
<latexit sha1_base64="lVVY4JmwROO7TTno7qKa8KniR5s="></latexit>

�k+1
<latexit sha1_base64="yLQBERdIpDE2qXx6KwYbmZZb8TI="></latexit>

�k+2
<latexit sha1_base64="Dg3fKQtkRtCLljrFEcUE9phxvX8="></latexit>

�k+3

• run trajectory 
estimator with all 
the bells and 
whistles (not 
differentiable)

<latexit sha1_base64="aSMTta1J3QbPmgTkles/CCwtvRo=">AAACC3icbZDLSsNAFIZPvNZ6q7p0EyxC3ZREirW7gi5cVrAXaEqZTE/boZNJnJmIJfQR3LrVd3Anbn0IX8GncJoW7z8M/Pz/Oczh8yPOlHacN2thcWl5ZTWzll3f2Nzazu3sNlQYS4p1GvJQtnyikDOBdc00x1YkkQQ+x6Y/Opv2zRuUioXiSo8j7ARkIFifUaJN5F0XvMBXiXfLJkfdXN4pOqnsv8adm3w1A6lq3dy71wtpHKDQlBOl2q4T6U5CpGaU4yTrxQojQkdkgG1jBQlQdZL05ol9aJKe3Q+leULbafp9IyGBUuPAN5MB0UP1u5uG/3XtWPdPOwkTUaxR0NlH/ZjbOrSnAOwek0g1HxtDqGTmVpsOiSRUG0xZL11MRKhTQN0hkh7KSdbAcb+YVIzKpbmpuJ9wGsdF96ToXpby1fMZJcjAPhxAAVwoQxUuoAZ1oBDBPTzAo3VnPVnP1stsdMGa7+zBD1mvH+PenIQ=</latexit>

q(⇠)
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Example: parameter learning
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Geometric interpretation

– can also view ESGVI through the lens of Bayes space – a
high-dimensional geometric space where entire PDFs can be
viewed as a single vector

p
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. . .. . .

. . .

. . .
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qK�1

qKq

Q0

– inference is then iterative projection of the full Bayesian posterior
onto a subspace containing Gaussians (Barfoot and D’Eleuterio,
2023)
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Lecture Summary

– we have seen that Gaussian variational inference can be used to
produce a ‘better’ solution than MAP

– we can still exploit sparsity to make ESGVI have the same big-O
complexity as MAP – but compute time is still a large factor slower

– we can avoid even computing derivatives by using Stein’s lemma
and Gaussian cubature to evaluate expectations

– in practice we can run MAP first since it’s faster, then refine the
answer with ESGVI for a few iterations

– can fold in parameter learning via expectation minimization

– there is a way to also enforce that Σ remains positive definite by
exploiting the connection to NGD [Goudar et al., 2022]

– although not discussed, can make the ideas work on Lie groups

– ESGVI is related to but distinct from Stein variational inference
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Course Conclusion

– looking for next steps?

– estimation, solvers:

– general overview (Thrun et al., 2006; Barfoot, 2024)
– incremental smoothing and mapping (iSAM2) (Kaess et al., 2012)
– certifiably optimal estimation (Yang and Carlone, 2022)

– Lie groups:

– invariant EKF (Bonnabel et al., 2008)
– equivariant EKF (Mahony and Trumpf, 2021)

– variational inference:

– Stein variational inference (Liu and Wang, 2016; Maken et al.,
2022)
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