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The stochastic Canadian Traveler Problem (CTP), which finds application in robot route
selection under uncertainty, aims to find the traversal policy with the minimum expected cost.
This thesis extends the stochastic CTP to what we call the Robust Canadian Traveler Problem
(RCTP), in which the variability of the policy cost is also considered. An optimal algorithm
and an approximate algorithm are then proposed to compute the policy that has a good balance
of both mean and variation of the traversal cost.

The benefit of the proposed framework versus traditional approaches is shown by doing
simulations in randomly generated worlds as well as on a map of 5 km of paths built from robot
field trials. Specifically, the RCTP framework is able to search for policy alternatives with
significant lower worst-case cost and less computational time compared against the optimal

CTP policy, but with little sacrifice on the expected cost.
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Chapter 1

Introduction

1.1 Motivation

Robots that navigate in real-world scenarios often face the problem of choosing the best route
under uncertainty (e.g., due to incomplete knowledge of the world and noisy observation of
the environment). Such uncertainties can come from factors such as sensor limitations and dy-
namic changes in the environment (lighting, season, terrain modi cation, etc.). For example,
Fig. 1.1 shows a map of an extended eld test that we conducted with a vision-based robot at
an old gravel pitin Sudbury, Canada [43]. The map was created using the Visual Teach and Re-
peat (VT&R) algorithm ([18], [41], [30], [8]) by manually piloting the robot through the path
network once, and then autonomous path repeating was done by localizing over visual features
stored in the map. Navigating in such an unstructured environment for an extended period of
time meant the robot encountered many challenges such as shifting sand with little visual tex-
ture, fast-growing vegetation that changes visual appearance, and unexpected obstacles which
were not present during mapping. All these challenges can result in failures of traversing cer-
tain paths. To make more robust plans for driving through such a network of paths, we propose
to gather historical data on the success of driving on individual path segments and use this in
route selection.

Routing scenarios of this kind can be formalized as a stochastic version of the Canadian
Traveler Problem (CTP) [39]: an agent must nd the best traversal policy between two vertices

in a given graph where some edges may be blocked with some known probabilities; we call
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Figure 1.1: Orthomosaic imagery of the 5 km network of paths at the Ethier Sand and Gravel in
Sudbury, Ontario, Canada. The map shows challenging environmental uncertainties for robust
route planning: lighting change, shifting sand with little visual texture, and dense vegetation
with changing appearance.

such edgestochastic A stochastic edge's binary traversability status can only be revealed
upon reaching one of its endpoints.

For a given routing problem, there are a number of possibilities, or realizations, of how the
hidden graph may look. The solution to the CTP is a policy rather than a path; for example, rst
attempt path A, if path A is not traversable, then attempt path B. Most prior work on stochastic
CTPs are focused on nding the policy that minimizes the expected traversal cost. However,
the cost variability of attempting a stochastic policy can also be important if we are worried
about the worst case over several realizations.

For instance, consider the situation in which the robot can choose from the following two

policies to travel to the charging station:

Policy 1: Travel to the charging station with 0.9 probability of traveling 1100 meters and
0.1 probability of traveling 1900 meters.
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Policy 2: Travel to the charging station with 0.2 probability of traveling 1100 meters and
0.8 probability of traveling 1200 meters.

Note that both policies have the same expected traveling distance of 1180 meters, thus would be

treated equally for algorithms that only minimize the expected cost. An adventurous decision

maker might choose Policy 1 since the probability of traveling the least distance is higher.

However, what if the remaining battery of the robot can only let it travel for up to 1500 meters?

A more risk-averse decision is to choose Policy 2, due to its lower variability around the mean.
The focus of this thesis is thus to investigate path planning algorithms that can solve the

stochastic CTP in a more risk-sensitive manner - being able to nd traversal policies that have

a good balance between cost expectation and variability.

1.2 Contributions

The primary goal of the thesis is to present risk-sensitive algorithms that can nd robust policies
to travel on a network of paths with uncertainties in road blockage. Speci cally, the novel

contributions of this thesis are as follows:

1. Propose the Robust Canadian Traveler Problem (RCTP) that tries to nd the traversal
policy over uncertain maps with a good balance of both mean and variation of the traver-

sal cost.
2. Analyze different risk-quantifying methods to evaluate policy risks.
3. Provide an of ine and an online algorithm to solve the RCTP.

4. Experimental validation of the algorithms on simulated maps, as well as a map that was

collected from a robot eld trial.

1.3 Thesis Overview

The remainder of this thesis is organized as follows. Chapter 2 presents further background

and related work. Chapter 3 formally de nes the RCTP and analyses the complexity of the
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problem through its Markov Decision Process (MDP) de nition and AND/OR tree representa-
tion. Chapter 4 provides two modi ed versions of the AO* algorithm [44] to solve the RCTP,
one for of ine optimality and one for fast online execution. Implementation tricks will also be
discussed. Chapter 5 will explain the experimental environment, and then discuss the results of
the proposed algorithms versus baseline approaches. Chapter 6 will discuss the methods to in-
tegrate the proposed planner into VT&R - a vision-based robot navigation framework. Finally,

Chapter 7 summarizes the conclusions and future research directions.



Chapter 2

Background and Related Work

This chapter rst reviews some popular path planning algorithms in mobile robotics that aim to
nd a feasible, or optimal path between a starting position and a goal position in a given map.
Depending on different evaluation criteria, nding the optimal solution can refer to different
objectives such as nding the path that has the shortest distance, the fastest travel time, or the

most likelihood of being successfully traversable.

The Canadian Traveler Problem (CTP) is introduced next. It is a generalization of the
shortest path problem to graphs that are partially observable. For CTPs, the existence of some
edges in the graph can only be revealed when they are being explored. Thus instead of nding
the optimal path, the goal of solving the CTP is to nd the optimal strategy (or policy) to travel
the map, namely the agent should know how to take the best action to adjust its plan when new

observations are made.

The work presented in this thesis is motivated by solving the path planning challenges in
the VT&R framework, which is a vision-based robot navigation system. Thus a brief introduc-
tion about the VT&R framework and the map structure being used are also introduced. The
challenge that we are trying to solve for VT&R can be expressed as an instance of the CTP.
However, the goal of the classic CTP is trying to nd the optimal policy that minimizes the
expected traversal cost, whereas we are interested in nding more robust policies that are also
sensitive to the possible cost variability. We aim to nd a good balance between optimality and

robustness.
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2.1 Path Planning for Mobile Robots

The robotics community has committed an enormous amount of time to solving the path plan-
ning problem. There are many algorithms that solve for optimal or approximate optimal paths;
each method has its own strengths and weaknesses depending on the application domains and
the complexity of the problems. In this section, we will review some typical categories of

planning algorithms that are related to our work.

2.1.1 Path Planning in Known Environments

In a known or fully observable environment, the robot knows the entire map of the environ-
ment before it starts traveling. Thus an optimal solution can often be found of ine before the
robot actually starts to move. The path planning techniques for fully observable and known
environments are relatively mature and many classic algorithms were proposed. For example,
Bruce-force search methods such as the classic Breadth- rst search, Depth- rst search, the
Floyd-Warshall algorithm [15], [53], the Bellman-Ford-Moore algorithm [4], [16], [34] and
many others. Though being proposed around the 1960s, Dijkstra's algorithm [11] and the A*
algorithm [20] are still being widely used today for optimal path nding in known environ-
ments.

Dijkstra's algorithm [11] traverses the graph from a starting vertex and then expands to
other vertices in the order of the vertex cost-to-come (the cost of the vertex to the start). Thus
the algorithm can be used to nd the shortest path between the start vertex and every other. It
can also be used to nd the shortest path from the start to a single destination by stopping the
algorithm once the shortest path to the destination has been found. In this case, the algorithm
only visits vertices that have a lower cost-to-come than the destination vertex.

Dijkstra's algorithm can be implemented by using a priority queue to store the vertices
to be visited. Initially, all vertices are marked as unvisited and the start vertex is put into the
gueue. Then at every step, the vertex with the lowest cost-to-come is extracted from the priority
gueue and marked as visited. All of its unvisited neighbors are then put into the priority queue
and their cost-to-comes are calculated. This process is repeated until the destination vertex is

marked as visited, in which case all vertices that have a lower cost-to-come are already visited,
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thus optimality is guaranteed. Any vertex that has a higher cost-to-come will not be visited,
thus the algorithm does not necessarily traverse the whole graph.

The A* algorithm was later proposed as an improvement over the Dijkstra's algorithm for
higher ef ciency in nding the optimal path. A* also traverses the graph from a starting vertex
and then gradually expands the visited vertices set until the destination is being visited. But
instead of ordering vertices by their cost-to-come, A* orders vertices by a combination of cost-
to-come and heuristic cost-to-go (an estimation of the cost from the vertex to the destination).
The inclusion of the heuristic cost-to-go gives the planner the extra information to evaluate the
quality of the candidates for the next node to be visited. For Dijkstra's algorithm, the planner
only considers how far a candidate is to the start; whereas for A*, the planner also considers
how close a candidate is to the destination. This will allow the planner to prune bad candidates
that are only close to the start but far to the goal, thus fewer vertices are likely to be expanded
when the goal is visited. Figure 2.1 illustrates a comparison of the node expansions between
A* and the Dijkstra's algorithm, where A* uses Manhattan distance to evaluate heuristic cost-
to-go. In this instance, A* is able to nd the optimal path by visiting far fewer vertices than the

Dijkstra's algorithm.

Figure 2.1: A performance comparison of the A* algorithm (left) and the Dijkstra's algorithm
(right) on a random world. The free space is marked in grey; obstacles are marked in black;
the start vertex is marked in green; the destination is marked in red; the optimal path is marked
in yellow; the visited vertices are marked in blue. The A* algorithm uses Manhattan distance
to evaluate heuristic cost-to-go. This gure is generated by PathFinder [52].

It can be proved that if the heuristic being used is admissible (the true cost-to-go is never

over-estimated), then the solution found is optimal. It has also been proved that the A* algo-



CHAPTER 2. BACKGROUND AND RELATED WORK 8

rithm is optimally ef cient [20], which means any other algorithm that uses the same heuristic
will expand at least as many vertices as A*. Due to its performance and accuracy, A* still

enjoys widespread use today in robotics.

2.1.2 Path Planning in Partially-Known Environments

In real-world applications, the environment is often partially known or partially observable.
Thus robot navigation is more dif cult than that in a known environment. This is due to the
uncertainty of the information in the environment and the robot sensor; or the environment
itself can change during the robot navigation. In such scenarios, it is often more dif cult to
obtain an optimal solution. The robot has to evaluate the uncertainties to make more robust

decisions, or frequently use local information to adjust its plan on the way.

Risk-Aware Path Planning

One way to tackle the uncertainties in the environment and the robot sensor is to compute risk-
aware or risk-sensitive plans that are more likely to succeed, or can be bounded by a limited

risk.

For example, Feyzabadi et al. [14] proposed an algorithmic framework that rst uses a
risk function to mask the vertices in the map, then a Constrained Markov Decision Processes

(CMDP) will be constructed and solved to produce a path that has a bounded risk.

By taking robot localization uncertainty into consideration, some works [51], [45] etc. sug-
gest to nd and follow the path with the lowest accumulated uncertainty for robot navigation,
i.e., execute the most reliable path to the goal. An illustration is demonstrated in Figure 2.2.
The gure shows that though possibly longer than the shortest path, the most reliable path will
have the highest likelihood of being successful. Whereas due to sensor limitations, the robot
could get lost at some point when trying to execute the shortest path, which could cause drastic

failures in practice.
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Figure 2.2: Comparison of the shortest path and the most reliable path between two vertices in
a Pose SLAM graph. (a) A map generated by Pose SLAM [22], with red dots and lines rep-
resenting the trajectory and ellipses representing pose uncertainties. (b) An attempt to traverse
the shortest path to the goal, but at one point the sensor registration fails and robot gets lost.
(c) A successful attempt of traversing the least uncertain path to the goal. The least uncertain
path has the highest likelihood of being successful. Figure reproduced from [51].

Incremental Planning

Another way to adapt to the uncertain environment is to use incremental planning techniques
that rst follow an initial plan, and then replan when the previous plan is no longer valid.
Many incremental search algorithms reuse information from previous searches to speed up
the current search and can solve search problems potentially much faster than solving them
repeatedly from scratch.

Lifelong Planning A* (LPA*) [25], D* [49] and its variants Focused D* [50], D* Lite [24]
are among the most popular incremental search techniques. LPA* uses the A* algorithm to
generate an initial path to follow. But instead of restarting the A* algorithm from scratch when
inconsistent observations (obstacles, change in edge weights etc.) are encountered, LPA* will
rst start with the inconsistent vertex and identify all of its connected inconsistent neighbors.

LPA* will then only resolve the inconsistent vertices to generate new plans. A vertex is in-
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consistent if its cost-to-come is different from the best value that could be calculated from its
immediate neighbors.

Like the A* algorithm, LPA* uses heuristic to prune the search space and priority queues
are often used in implementation for higher ef ciency. But LPA* is more ef cient than running
the A* algorithm multiple times by reusing the unchanged information from history.

However, for optimal path nding problems, replanning often indicates a better solution
exists. The quality of the plan can be improved if more information can be incorporated into

the planning step.

2.1.3 Ofine versus Online Path Planning

Of ine planners compute the entire path or trajectory to the destination before the robot starts
to move. For example, A* will only return a solution when the optimal path is found. However,

in practice, many robot systems will only allow a limited amount of computational time to nd

a solution. Thus it is often desired for the system to have an online planner that can come up
with a feasible solution quickly, even if the solution is not optimal. The robot will take some
actions rst, and then the system can later improve upon the sub-optimal solution when more
computational time is available.

Anytime Repairing A* (ARA¥*) [28] is an extension of the A* algorithm that achieves the
online performance. ARA* is inspired by the fact that A*'s optimality can be sacri ced to
obtain quicker execution time by in ating the heuristic. ARA* rst nds a possibly highly
sub-optimal solution very fast by using an in ated heuristic, then iteratively reduces the degree
of in ation until an optimal solution is found, or the allocated time expires. Like LPA*, ARA*
is able to reuse effort from previous searches to improve ef ciency.

Sampling methods are also popular choices for online (or anytime) path planning. Some
typical examples are RRT* [23], and its improved variants such as Informed RRT* [19]. RRT*
is an improvement on Rapidly-exploring Random Trees (RRT) [27]. RRT* solves the path
planning problem by incrementally growing a tree through collision-free space. At every step,
a random sample within a parametric distance is drawn from the search space to perform tree

expansion, which incrementally grows the tree towards unexplored regions. Similar to the
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concept of Dijkstra's algorithm, the new vertex is connected to a nearby vertex that minimizes

the new vertex's cost-to-come. It then nds any nearby vertices whose cost-to-come can be
improved by connecting to the new vertex. These vertices will be rewired as descendants of
the new vertex. A feasible solution is found once the goal is added to the tree. The solution can
then be improved over time (and eventually becomes optimal asymptotically) through repeated

tree expansions and rewiring.

Figure 2.3: A performance comparison of the RRT* algorithm and Informed RRT* algorithm
on a random world. The free space is marked in white; obstacles are marked in black; the start
vertex is marked in green; the destination is marked in red; the expansion tree is marked in
blue; the current best path is marked in pink. Informed RRT* only spent 1 second to nd an
equivalent-cost solution that RRT* spent 8.26 seconds to nd. Figure reproduced from [19].

Informed RRT* is a further improvement on RRT* that, similar to A* algorithm, uses
admissible heuristics on the upper bound to guide new vertex sampling once a feasible solution
is found. Informed RRT* uses heuristics to avoids regions that will not improve the existing
solution, and thus can improve the solution at a much faster speed than RRT*. Figure 2.3 shows
a comparison of the RRT* and Informed RRT* algorithm, in which Informed RRT* only spent

1 second to nd an equivalent-cost solution that RRT* spent 8.26 seconds to nd.
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